
General free particle quantum chains: para-fermionic Z(N)  and  
fermionic XX quantum chains

Francisco C.  Alcaraz 
Inst. Fis. de  Sao Carlos - Univ. de Sao Paulo

Talk: Mathematcs and Physics of Integrability (MPI2024) 
(1-19 July 2024) - Creswick, AU

 Rodrigo A. Pimenta  Jose A. Hoyos  Lucas M. Ramos

Collaborators
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<latexit sha1_base64="1iWi0hJb96sLYLeCvyefzf6HQOE=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAVXJWkILoRim5cVrAPaEKZTG7aoZNJmJkIJXbhr7hxoYhbf8Odf+M0zUJbDwwczrln7szxE0alsu1vo7Syura+Ud6sbG3v7O6Z+wcdGaeCQJvELBY9H0tglENbUcWglwjAkc+g649vZn73AYSkMb9XkwS8CA85DSnBSksD86jm5pdkAoKpy3QwwFdObWBW7bqdw1omTkGqqEBrYH65QUzSCLgiDEvZd+xEeRkWihIG04qbSkgwGeMh9DXlOALpZfnqqXWqlcAKY6EPV1au/k5kOJJyEvl6MsJqJBe9mfif109VeOlllCepAk7mi8KUWSq2ZmVYARVAFJtogomg+q0WGWGBidKVVXQJzuKXl0mnUXfO6/Zdo9q8Luooo2N0gs6Qgy5QE92iFmojgh7RM3pFb8aT8WK8Gx/z0ZJRZA7RHxifP16Blao=</latexit>
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non-Hermitian (complex spectrum)

<latexit sha1_base64="neqXNsqaeKGHVVc74lFpTS3DPew=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZNa1I1QdOOygn1AE8tketsOnUzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQxZ0o7zre1sLi0vLKaW8uvb2xubds7u3UVJZJCjUY8ks2AKOBMQE0zzaEZSyBhwKERDK7HfuMBpGKRuNPDGPyQ9ATrMkq0kdr2vheF0CP4EsN9ykpezE5OR2274BSdCfA8cTNSQBmqbfvL60Q0CUFoyolSLdeJtZ8SqRnlMMp7iYKY0AHpQctQQUJQfjq5foSPjNLB3UiaEhpP1N8TKQmVGoaB6QyJ7qtZbyz+57US3b3wUybiRIOg00XdhGMd4XEUuMMkUM2HhhAqmbkV0z6RhGoTWN6E4M6+PE/qpaJ7VizflguVqyyOHDpAh+gYuegcVdANqqIaougRPaNX9GY9WS/Wu/UxbV2wspk99AfW5w/+NZRL</latexit>
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<latexit sha1_base64="o6xyATy4GjD+o8iA5vVS1zr9zig=">AAACI3icbVBNS8MwGE79nPOr6tFLcBO8ONqBKANh6MXjBPcBWx1pmm5hSVuSVJxl/8WLf8WLB2V48eB/Mes60M0HQp48z/smbx43YlQqy/oylpZXVtfWcxv5za3tnV1zb78hw1hgUschC0XLRZIwGpC6ooqRViQI4i4jTXdwPfGbD0RIGgZ3ahgRh6NeQH2KkdJS16wIghFjFVjspJclgnijjqQ9ju4fs/0JXsJTODvMzGLXLFglKwVcJHZGCiBDrWuOO16IY04ChRmSsm1bkXISJBTFjIzynViSCOEB6pG2pgHiRDpJOtYIHmvFg34o9AoUTNXfHQniUg65qys5Un05703E/7x2rPwLJ6FBFCsS4OlDfsygCuEkMOhRHZFiQ00QFlTPCnEfCYSVjjWvQ7Dnv7xIGuWSfVaybsuF6lUWRw4cgiNwAmxwDqrgBtRAHWDwDF7BO/gwXow3Y2x8TkuXjKznAPyB8f0DIyGkjg==</latexit>

recall: �x�z = ��z�x
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<latexit sha1_base64="kbo6Sv+sKuFMSX9EMHjPKZC6QO8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdC0Y3LCvaB7VAymTttaCYzJBmhlP6FGxeKuPVv3Pk3pu0stHogcDjnXHLvCVLBtXHdL6ewsrq2vlHcLG1t7+zulfcPWjrJFMMmS0SiOgHVKLjEpuFGYCdVSONAYDsY3cz89iMqzRN5b8Yp+jEdSB5xRo2VHnrCRkNKrrx+ueJW3TnIX+LlpAI5Gv3yZy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn842n5MQqIYkSZZ80ZK7+nJjQWOtxHNhkTM1QL3sz8T+vm5no0p9wmWYGJVt8FGWCmITMzichV8iMGFtCmeJ2V8KGVFFmbEklW4K3fPJf0jqrerVq7e68Ur/O6yjCERzDKXhwAXW4hQY0gYGEJ3iBV0c7z86b876IFpx85hB+wfn4Bo8okDQ=</latexit>
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<latexit sha1_base64="nux2uC6rh3IW2iCZZZA1+FxjV+E="></latexit>

(XX quantum chains)



















<latexit sha1_base64="SPnZ6+MSwBRmMbHAjYqjK1eeVtM="></latexit>

Z =
p+ 1

N
6= 1 in general not conformally invariant

<latexit sha1_base64="UPiOWdfrklvwymxstp48d+DCOKo="></latexit>

For Z = 1 Are they conformally invariant???
<latexit sha1_base64="Ec9Fse8KMLcYukj69xGxqNqA5iA="></latexit>

[Non-Hermitian, complex spectrum, no chiral symmetry]

<latexit sha1_base64="hl/lxunuevvdqUk+0A1a4Qhwy2Y="></latexit>
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<latexit sha1_base64="2ctJfBOegwwAiv29+wzYeJZS8zM="></latexit>
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<latexit sha1_base64="JnSo/G9yAr2HzvbmGuqxkjmCKdY="></latexit>
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<latexit sha1_base64="xQEzA8UtpWQi2mwiXI4Vxf7DDJc="></latexit>

(ti = 0, 1)

<latexit sha1_base64="N9PhqlTkC7Hn9g3wFkWJClndPFc="></latexit>

No circle repulsion











<latexit sha1_base64="PDJp4gAdVrjYEKQExiir8SaUjdM=">AAAB9XicbVDLSsNAFL2pr1pfVZduBlvBVUkKPpZFN26ECvYBTSyT6aQdOpmEmYkSQv/DjQtF3Pov7vwbp20W2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3w99TuPVCoWiXudxtQL8VCwgBGsjfRQvUWujpDLRKDTar9csWv2DGiZODmpQI5mv/zlDiKShFRowrFSPceOtZdhqRnhdFJyE0VjTMZ4SHuGChxS5WWzqyfoxCgDFETSlNBopv6eyHCoVBr6pjPEeqQWvan4n9dLdHDpZUzEiaaCzBcFCUfm0WkEaMAkJZqnhmAimbkVkRGWmGgTVMmE4Cy+vEza9ZpzXju7q1caV3kcRTiCYzgFBy6gATfQhBYQkPAMr/BmPVkv1rv1MW8tWPnMIfyB9fkDKGyRqA==</latexit>
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<latexit sha1_base64="XjGbxTYzxs1AoXY6eQa4c4yJbbs=">AAAB8HicbVDLSsNAFL2prxpfVZduBovgqiSCj41YdOOygn1IG8pkMmmHziRhZiKU0K9w40IRceePuHcj/o2TtgttPXDhcM653IefcKa043xbhYXFpeWV4qq9tr6xuVXa3mmoOJWE1knMY9nysaKcRbSumea0lUiKhc9p0x9c5X7znkrF4uhWDxPqCdyLWMgI1ka663ATDbBtd0tlp+KMgeaJOyXliw/7PHn7smvd0mcniEkqaKQJx0q1XSfRXoalZoTTkd1JFU0wGeAebRsaYUGVl40XHqEDowQojKWpSKOx+rsjw0KpofBNUmDdV7NeLv7ntVMdnnkZi5JU04hMBoUpRzpG+fUoYJISzYeGYCKZ2RWRPpaYaPOj/Anu7MnzpHFUcU8qxzdOuXoJExRhD/bhEFw4hSpcQw3qQEDAAzzBsyWtR+vFep1EC9a0Zxf+wHr/AQ1Rkuw=</latexit>
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<latexit sha1_base64="H1CnmCRmBXlQ+pybvonSaq6cWyQ=">AAAB+XicbVDLSsNAFJ34rPEVdelmsAiuSiL42BSLblxWsA9oQ5lMbtqhk0mYmRRK6J+4EVHErR/h3o34NyZpF9p64MLhnHvnzj1ezJnStv1tLC2vrK6tlzbMza3tnV1rb7+pokRSaNCIR7LtEQWcCWhopjm0Ywkk9Di0vOFN7rdGIBWLxL0ex+CGpC9YwCjRmdSzrG7xRirBn2BadcyeVbYrdgG8SJwZKV99mNX46cus96zPrh/RJAShKSdKdRw71m5KpGaUw8TsJgpiQoekD52MChKCctNi6wQfZ4qPg0hmJTQu1N8TKQmVGode1hkSPVDzXi7+53USHVy6KRNxokHQ6aIg4VhHOI8B+0wC1XycEUIly/6K6YBIQnUWVh6CM3/yImmeVpzzytmdXa5doylK6BAdoRPkoAtUQ7eojhqIohF6QM/oxUiNR+PVeJu2LhmzmQP0B8b7D/poljs=</latexit>

c = 1 <latexit sha1_base64="FxXnlnPfsDPrL8mn/4hAryZlhOQ=">AAAB/XicbVDLSgMxFM3UV1tf42PnJlgEN5YZxcemUHTjSirYB7ZDyWQybWgmMyQZsQ7F73DnxoUiuvQ/3Pk1mk670NYDFw7n3Jube9yIUaks68vIzMzOzS9kc/nFpeWVVXNtvSbDWGBSxSELRcNFkjDKSVVRxUgjEgQFLiN1t3c29Os3REga8ivVj4gToA6nPsVIaaltbrbSNxJBvAHEpYs9u3SQb5sFq2ilgNPEHpNCORc9XL/fflfa5mfLC3EcEK4wQ1I2bStSToKEopiRQb4VSxIh3EMd0tSUo4BIJ0k3D+COVjzoh0IXVzBVf08kKJCyH7i6M0CqKye9ofif14yVf+IklEexIhyPFvkxgyqEwyigRwXBivU1QVhQ/VeIu0ggrHRgwxDsyZOnSW2/aB8VDy91GqdghCzYAttgF9jgGJTBOaiAKsDgDjyCZ/Bi3BtPxqvxNmrNGOOZDfAHxscPy++X3w==</latexit>

c = N � 1 = 3
<latexit sha1_base64="Ye6BR8EEE5TMacvcKz6qNaI5GFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduhhZBENLER+uy6MZlBfuAJpbJdNoOnUzCzEQIoX6FezcuFHHrh7jr3zhpXWjrgQuHc+7l3nv8iFGpbHtq5FZW19Y38puFre2d3T1z/6Alw1hg0sQhC0XHR5IwyklTUcVIJxIEBT4jbX98nfntByIkDfmdSiLiBWjI6YBipLTUM4tO5ew+dSrnE1fSANpWrVromWXbsmeAy8T5IeV6yT15mtaTRs/8cvshjgPCFWZIyq5jR8pLkVAUMzIpuLEkEcJjNCRdTTkKiPTS2fETeKSVPhyEQhdXcKb+nkhRIGUS+LozQGokF71M/M/rxmpw6aWUR7EiHM8XDWIGVQizJGCfCoIVSzRBWFB9K8QjJBBWOq8sBGfx5WXSOrWcqnVxq9O4AnPkwSEogWPggBqogxvQAE2AQQKewSt4Mx6NF+Pd+Ji35oyfmSL4A+PzG0fJlZU=</latexit>

1/31/4 ⇠ 0.76



<latexit sha1_base64="aL0nLmmQZ4XW1W2fnXh16+9On4M=">AAACEXicbVA7T8MwGHR4lvIKMLJYVEidqgSJx1BEBQtjkehDaqrKcZzWqmNHtgOqov4FFv4KCwMIsbKx8VPYcNIO0HKSpdPdd/bn82NGlXacL2thcWl5ZbWwVlzf2Nzatnd2m0okEpMGFkzIto8UYZSThqaakXYsCYp8Rlr+8CrzW3dEKir4rR7FpBuhPqchxUgbqWeXvfyOVJJg7DGTCxCsVl3oSdofaCSluIcQn7vFnl1yKk4OOE/cKSldfIc56j370wsETiLCNWZIqY7rxLqbIqkpZmRc9BJFYoSHqE86hnIUEdVN823G8NAoAQyFNIdrmKu/EymKlBpFvpmMkB6oWS8T//M6iQ7PuinlcaIJx5OHwoRBLWBWDwyoJFizkSEIS2p2hXiAJMLalJiV4M5+eZ40jyruSeX4xinVLsEEBbAPDkAZuOAU1MA1qIMGwOABPIEX8Go9Ws/Wm/U+GV2wppk98AfWxw+v2Z/x</latexit>

� << 1 ! c = 1

<latexit sha1_base64="c+g6cnZA2QzoTcg/4YnyNYeWGvU="></latexit>

� << 1 ! c = N � 1
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