
Roberto Tateo

MPI July 2024
MATRIX - Creswick

1

Interconnections between -like flows, nonlinear 
electrodynamics, and modified gravity theories

TT̄

Mainly based on work with:

R. Conti, J. Romano, C. Ferko, N. Brizio, J. Hou, T. Morone, S. Negro, G. Tartaglino-Mazzucchelli, 
H. Babaei-Aghbolagh, S. He,  H. Ouyang



2

The   Lagrangian flow equation in 2d is:TT̄

∂τℒ(τ) = det(Tμν(τ)) ,

Tμν(τ) = −2
g

∂ℒ(τ)
∂gμν ,

for the Ricci tensor and

�R = Rab �⌘
ab + ⌘

ab
�Rab =

4

d
�⌧ (rd� r � 1) @a@

atr[T⌧ ] , (2.23)

for the scalar curvature. In (2.22) and (2.23) we used the additional constraint

@
a bT⌧,ab = r @btr[T⌧ ] , (2.24)

coming from the conservation of the stress-energy tensor in flat space, i.e. @aT
ab
⌧ = 0. From

(2.23) it follows that

�R = 0 () r =
1

d� 1
. (2.25)

Let us consider separately the cases d = 2 and d > 2.

• case d > 2: from (2.21), it emerges that the deformation of the Riemann tensor depends
on the field configuration through the stress-energy tensor and it is,in general, non-
vanishing. Therefore, we conclude that the deformation induced by (1.3) modifies the
geometry of the space in a non-trivial way for d > 2.

• case d = 2: in this case the Riemann tensor has only one independent component, i.e.
the scalar curvature R. From (2.25) it follows that the operator O[r,2]

⌧ modifies the
geometry of the space for any r 6= 1. The case r = 1 is special and corresponds to the
TT operator OTT

⌧ = O[1,2]
⌧ which does not affect the geometry, in agreement with the

existence of a coordinate transformation.

3 Metric flow equation

In this section, we derive a system of differential equations that completely defines the flow of
the metric. Moreover, we develop a perturbative algorithm to find a power series expansion
for the solution to the metric flow equation.

The equivalence (2.20) leads to the following system of differential equations,
8
>><

>>:

dgµ⌫
ds

=
4

d

bTs,µ⌫

@T
µ⌫
s

@s
=

�2

d
p
g

@

@gµ⌫

⇣p
g bTs,⇢�T

⇢�
s

⌘ , (3.1)

where the second equation descends from (1.2) and (1.4). Using the properties

@g

@gµ⌫
= g g

µ⌫
, (3.2)

and
@ bTs,µ⌫

@g⇢�
= r

�
�
⇢
µ�

�
⌫ tr[Ts] + gµ⌫T

⇢�
s

�
� �

⇢
µT

�
s,⌫ � �

⇢
⌫T

�
s,µ + fµ⌫↵�

@T
↵�
s

@g⇢�
, (3.3)
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6.3 The deformed Lagrangian 65

Figure 6.1: TT̄ flow in the space of 2d quantum field theories. The point ⌧ = 0 corre-

sponds to the undeformed IR theory. As we increase ⌧ , we move from IR to UV

The evolution along this trajectory is triggered by the operator detTµ⌫(⌧)

L
(⌧+�⌧) = L

(⌧) + �⌧ detT (⌧)
µ⌫

= L
(⌧)

�
�⌧

⇡2
TT̄. (6.9)

In two-dimensional quantum field theory, the composite operator TT̄ is built from the

chiral components T and T̄ of the energy-momentum tensor Tµ⌫ .

From chapter 3 we know that a point z in a 2d space with Euclidean signature can

be labeled using Cartesian coordinates (x, y) as well as complex coordinates (z, z̄).

Following the convention in CFT, the chiral components of the energy-momentum

tensor are defined, recalling definitions 3.23, as

Tzz =
1

4
(Txx � Tyy � 2iTxy),

Tz̄z̄ =
1

4
(Txx � Tyy + 2iTxy),

Tzz̄ =
1

4
(Txx + Tyy).

(6.10)

These are the standard conventions:

T = �2⇡Tzz T̄ = �2⇡Tz̄z̄ ⇥ = 2⇡Tzz̄. (6.11)

Therefore the TT̄ operator is given by

TT̄ = �⇡2detTµ⌫ = �⇡2(TxxTyy � T 2
xy
) = 4⇡2(TzzTz̄z̄ � T 2

zz̄
) = T T̄ �⇥2. (6.12)

The notation TT̄ is used to denote the composite operator. In general this is different

from the quantity T T̄ , which is a redefinition of its components. They coincide only if

Dynamical change of coordinates =   deformationsTT̄

and thus the metric, in the set of coordinates y, is

g
0
µ⌫ =

@x
⇢

@yµ

@x
�

@y⌫
g⇢� = �µ⌫ � ⌧✏µ⇢✏

�
⌫

�
2T + ⌧T

2
�⇢

�
, (4.10)

where we used the fact that g⇢� = �⇢�. Translating the first expression of (4.4) in z coordinates

and then moving to Euclidean coordinates, one obtains the inverse relation of (4.8)

@y
µ

@x⌫
= �

µ
⌫ + ⌧

� eT (⌧)
�µ

⌫
(x) ,

� eT (⌧)
�µ

⌫
(x) = �✏

µ
⇢✏

�
⌫

�
T
(⌧)

�µ
⌫
(x) , (4.11)

where
�
T
(⌧)

�µ
⌫
(x) is the stress energy tensor of the deformed theory.

Finally let us conclude this section with a couple of remarks:

• Consider the transformation of the Lagrangian7 (4.1) under the on-shell map (4.4)

L(⌧)
N (z(w)) =

L(0)
N (w) + ⌧

⇣
(KN )2 � V

2
⌘

1� 2⌧V � ⌧2
⇣
(KN )2 � V 2

⌘ . (4.13)

Using the latter expression together with

Det
�
J �1
N

�
= Det (JN )�1 = 1� 2⌧V � ⌧

2
⇣
(KN )2 � V

2
⌘

, (4.14)

we find that the action transforms as

A [�] =

Z
dz dz̄ L(⌧)(z) =

Z
dw dw̄

��det
�
J �1

��� L(⌧) (z(w))

=

Z
dw dw̄

⇣
L(0)(w) + ⌧ TT̄

(0)
(w)

⌘
(4.15)

where TT̄
(0)

(w) = (KN )2�V
2. Thus, we conclude that the action is not invariant under the

change of variables. This is not totally surprising since the map (4.4) is on-shell, however it

is remarkable that the (bare) perturbing field can be so easily identified once the change of

variables is performed. Again, our result matches with [18], where the TT̄
(0)

term emerges

as a JT gravity contribution to the action.

• Notice that the EoMs associated to (4.1) for a generic potential V are invariant under the

transformation8

z ! � z , ⌧ ! � ⌧ , V ! V � c , (4.16)

7
In the N = 1 case, the transformed Lagrangian takes an even simpler expression

L
(⌧)
1 (z(w)) =

L
(0)
1 (w)

1� ⌧L(0)
1 (w)

. (4.12)

8
We thank Sergei Dubovsky for questioning us about the possible existence of such symmetry of the EoMs.
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Notice that:

12

Generic -deformed modelsTT̄

3.1 From the deformed to the undeformed model through a local change of

coordinates

Thus we have inferred that there must exist a coordinate system w = (w1(z), w2(z)) =

(w(z), w̄(z)) in which the matrices g
TT̄
µ⌫ and d

TT̄
µ⌫ assume the same form as g

sG
µ⌫ and d

sG
µ⌫ ,

respectively. In formulae

g
sG
µ⌫dw

µ
dw

⌫ = g
TT̄
µ⌫ dz

µ
dz

⌫ =) g
sG
µ⌫

dw
µ

dz⇢

dw
⌫

dz�
= g

TT̄
⇢� , (3.15)

d
sG
µ⌫dw

µ
dw

⌫ = d
TT̄
µ⌫ dz

µ
dz

⌫ =) d
sG
µ⌫

dw
µ

dz⇢

dw
⌫

dz�
= d

TT̄
⇢� . (3.16)

It is now a matter of simple algebraic manipulations to obtain the following equations for the

new coordinates

@w =
(S + 1)2

4S (1� ⌧V )
, @̄w̄ =

(S + 1)2

4S (1� ⌧V )
, (3.17)

@̄w =
⌧

S

�
@̄�
�2

, @w̄ =
⌧

S
(@�)2 . (3.18)

Let us now use the latter relations to find the partial derivatives of the field � in the coordinates

w:  
@�

@̄�

!
= J

 
@�/@w

@�/@w̄

!
, J =

 
@w @w̄

@̄w @̄w̄

!
. (3.19)

The result is

@� =
1

1� ⌧ (K + V )

@�

@w
, @̄� =

1

1� ⌧ (K + V )

@�

@w̄
, (3.20)

where we have defined the following function

K =
@�(w)

@w

@�(w)

@w̄
. (3.21)

With the help of (3.20), we can now find the expression for S in the coordinates w

S =
q
1 + 4⌧ (1� ⌧V ) @�@̄� =

1 + ⌧ (K � V )

1� ⌧ (K + V )
. (3.22)

We can then write the Jacobian matrix J and its inverse J �1 in terms of w as

J =

 
@w @w̄

@̄w @̄w̄

!
=

1

(1� ⌧V )2 � ⌧2K2

0

@
1� ⌧V ⌧

⇣
@�
@w

⌘2

⌧

⇣
@�
@w̄

⌘2
1� ⌧V

1

A ,

J �1 =

 
@wz @wz̄

@w̄z @w̄z̄

!
=

0

@
1 + ⌧V �⌧

⇣
@�
@w

⌘2

�⌧

⇣
@�
@w̄

⌘2
1 + ⌧V

1

A . (3.23)
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space-time deformation. In Euclidean coordinates the change of variables is

dx
µ =

⇣
�
µ
⌫ + ⌧ eTµ

⌫(y)
⌘
dy

⌫
, y = (y1, y2) , (1.3)

dy
µ =

⇣
�
µ
⌫ + ⌧

� eT (⌧)
�µ

⌫
(x)

⌘
dx

⌫
, x = (x1, x2) , (1.4)

with eTµ
⌫ = �✏

µ
⇢✏

�
⌫T

⇢
� and

� eT (⌧)
�µ

⌫
= �✏

µ
⇢✏

�
⌫

�
T
(⌧)

�⇢
�
, where T = T

(0) and T
(⌧) are the

unperturbed and perturbed stress-energy tensor in the set of coordinates y and x, respectively.

Then, any solution of the perturbed EoMs can be mapped onto the ⌧ = 0 corresponding

solution, i.e.

�
(⌧)(x) = �

(0) (y(x)) , (1.5)

where the r.h.s. of (1.5)1 is defined on a deformed space-time with metric

g
0
µ⌫ = �µ⌫ � ⌧✏µ⇢✏

�
⌫

�
2T + ⌧T

2
�⇢

�
. (1.7)

In fact (1.4) corresponds to a natural generalization of the Virasoro conditions used in the

GGRT treatment of the NG string [39], 2 and it matches precisely the generalisation corre-

sponding to classical JT gravity [18, 23].

2 Classical integrable equations and embedded surfaces

It is an established fact that integrable equations in two dimensions admit an interpretation

in terms of surfaces embedded inside an N -dimensional space. The two oldest examples of

this connection, dating back to the works of 19th century geometers [40, 41], are the sine-

Gordon and Liouville equations. They appear as the Gauss-Mainardi-Codazzi (GMC) system

of equations (A.14) for, respectively, pseudo-spherical and minimal surfaces embedded in the

Euclidean space R3. As proved by Bonnet [42], any surface embedded in R3 is uniquely

determined (up to its position in the ambient space) by two rank 2 symmetric tensors: the

metric gµ⌫ (A.4) and the second fundamental tensor dµ⌫ (A.6). Their intuitive role is to

measure, respectively, the length of an infinitesimal curve and the displacement of its endpoint

from the tangent plane at the starting point. One can then use gµ⌫ and dµ⌫ to study the

motion of a frame anchored to the surface. The result is a system of linear di↵erential

equations, known as Gauss-Weingarten equations (A.9, A.10). The GMC system appears

then as the consistency condition for this linear system, e↵ectively constraining the “moduli

space” consisting of the two tensors gµ⌫ and dµ⌫ .

The search for a general correspondence originated in the works of Lund, Regge, Pohlmeyer

and Getmanov [43–45] and was subsequently formalised by Sym [46–50] who showed that any

1
Notice that from (1.5) it follows that �(⌧)

(x) fulfills the Burgers-type equation

@⌧�
(⌧)

(x) + (@⌧x
µ
) @µ�

(⌧)
(x) = 0 , (1.6)

which may justify the wave-breaking phenomena observed in section 5. In our results xµ
is always linear in ⌧ ,

however we could not find an explicit expression for @⌧x
µ
valid in general.

2
See [8] for a clarifying discussion related to the current topic.
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and thus the metric, in the set of coordinates y, is

g
0
µ⌫ =

@x
⇢

@yµ

@x
�

@y⌫
g⇢� = �µ⌫ � ⌧✏µ⇢✏

�
⌫

�
2T + ⌧T

2
�⇢

�
, (4.10)

where we used the fact that g⇢� = �⇢�. Translating the first expression of (4.4) in z coordinates

and then moving to Euclidean coordinates, one obtains the inverse relation of (4.8)

@y
µ

@x⌫
= �

µ
⌫ + ⌧

� eT (⌧)
�µ

⌫
(x) ,

� eT (⌧)
�µ

⌫
(x) = �✏

µ
⇢✏

�
⌫

�
T
(⌧)

�µ
⌫
(x) , (4.11)

where
�
T
(⌧)

�µ
⌫
(x) is the stress energy tensor of the deformed theory.
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2
⌘
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Using the latter expression together with
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2
⌘

, (4.14)

we find that the action transforms as
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dw dw̄
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=
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dw dw̄

⇣
L(0)(w) + ⌧ TT̄

(0)
(w)

⌘
(4.15)

where TT̄
(0)

(w) = (KN )2�V
2. Thus, we conclude that the action is not invariant under the

change of variables. This is not totally surprising since the map (4.4) is on-shell, however it

is remarkable that the (bare) perturbing field can be so easily identified once the change of

variables is performed. Again, our result matches with [18], where the TT̄
(0)

term emerges

as a JT gravity contribution to the action.

• Notice that the EoMs associated to (4.1) for a generic potential V are invariant under the

transformation8

z ! � z , ⌧ ! � ⌧ , V ! V � c , (4.16)

7
In the N = 1 case, the transformed Lagrangian takes an even simpler expression

L
(⌧)
1 (z(w)) =

L
(0)
1 (w)

1� ⌧L(0)
1 (w)

. (4.12)

8
We thank Sergei Dubovsky for questioning us about the possible existence of such symmetry of the EoMs.
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Notice that:
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Generic -deformed modelsTT̄

3.1 From the deformed to the undeformed model through a local change of

coordinates

Thus we have inferred that there must exist a coordinate system w = (w1(z), w2(z)) =

(w(z), w̄(z)) in which the matrices g
TT̄
µ⌫ and d

TT̄
µ⌫ assume the same form as g

sG
µ⌫ and d

sG
µ⌫ ,

respectively. In formulae

g
sG
µ⌫dw

µ
dw

⌫ = g
TT̄
µ⌫ dz

µ
dz

⌫ =) g
sG
µ⌫

dw
µ

dz⇢

dw
⌫

dz�
= g

TT̄
⇢� , (3.15)

d
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µ⌫dw

µ
dw

⌫ = d
TT̄
µ⌫ dz

µ
dz

⌫ =) d
sG
µ⌫

dw
µ

dz⇢

dw
⌫

dz�
= d

TT̄
⇢� . (3.16)

It is now a matter of simple algebraic manipulations to obtain the following equations for the

new coordinates

@w =
(S + 1)2

4S (1� ⌧V )
, @̄w̄ =

(S + 1)2

4S (1� ⌧V )
, (3.17)

@̄w =
⌧

S

�
@̄�
�2

, @w̄ =
⌧

S
(@�)2 . (3.18)

Let us now use the latter relations to find the partial derivatives of the field � in the coordinates
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@w @w̄
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!
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The result is
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@w̄
, (3.20)

where we have defined the following function
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. (3.21)

With the help of (3.20), we can now find the expression for S in the coordinates w
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�⌧

⇣
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@w̄

⌘2
1 + ⌧V

1

A . (3.23)
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space-time deformation. In Euclidean coordinates the change of variables is

dx
µ =

⇣
�
µ
⌫ + ⌧ eTµ

⌫(y)
⌘
dy

⌫
, y = (y1, y2) , (1.3)

dy
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⇣
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�
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⇢
� and

� eT (⌧)
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µ
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�
⌫
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�
, where T = T

(0) and T
(⌧) are the

unperturbed and perturbed stress-energy tensor in the set of coordinates y and x, respectively.

Then, any solution of the perturbed EoMs can be mapped onto the ⌧ = 0 corresponding

solution, i.e.
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(⌧)(x) = �

(0) (y(x)) , (1.5)
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�
. (1.7)

In fact (1.4) corresponds to a natural generalization of the Virasoro conditions used in the

GGRT treatment of the NG string [39], 2 and it matches precisely the generalisation corre-

sponding to classical JT gravity [18, 23].

2 Classical integrable equations and embedded surfaces

It is an established fact that integrable equations in two dimensions admit an interpretation

in terms of surfaces embedded inside an N -dimensional space. The two oldest examples of

this connection, dating back to the works of 19th century geometers [40, 41], are the sine-

Gordon and Liouville equations. They appear as the Gauss-Mainardi-Codazzi (GMC) system

of equations (A.14) for, respectively, pseudo-spherical and minimal surfaces embedded in the

Euclidean space R3. As proved by Bonnet [42], any surface embedded in R3 is uniquely

determined (up to its position in the ambient space) by two rank 2 symmetric tensors: the

metric gµ⌫ (A.4) and the second fundamental tensor dµ⌫ (A.6). Their intuitive role is to

measure, respectively, the length of an infinitesimal curve and the displacement of its endpoint

from the tangent plane at the starting point. One can then use gµ⌫ and dµ⌫ to study the

motion of a frame anchored to the surface. The result is a system of linear di↵erential

equations, known as Gauss-Weingarten equations (A.9, A.10). The GMC system appears

then as the consistency condition for this linear system, e↵ectively constraining the “moduli

space” consisting of the two tensors gµ⌫ and dµ⌫ .

The search for a general correspondence originated in the works of Lund, Regge, Pohlmeyer

and Getmanov [43–45] and was subsequently formalised by Sym [46–50] who showed that any

1
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2 Classical integrable equations and embedded surfaces

It is an established fact that integrable equations in two dimensions admit an interpretation

in terms of surfaces embedded inside an N -dimensional space. The two oldest examples of

this connection, dating back to the works of 19th century geometers [40, 41], are the sine-

Gordon and Liouville equations. They appear as the Gauss-Mainardi-Codazzi (GMC) system

of equations (A.14) for, respectively, pseudo-spherical and minimal surfaces embedded in the

Euclidean space R3. As proved by Bonnet [42], any surface embedded in R3 is uniquely

determined (up to its position in the ambient space) by two rank 2 symmetric tensors: the

metric gµ⌫ (A.4) and the second fundamental tensor dµ⌫ (A.6). Their intuitive role is to

measure, respectively, the length of an infinitesimal curve and the displacement of its endpoint

from the tangent plane at the starting point. One can then use gµ⌫ and dµ⌫ to study the

motion of a frame anchored to the surface. The result is a system of linear di↵erential

equations, known as Gauss-Weingarten equations (A.9, A.10). The GMC system appears

then as the consistency condition for this linear system, e↵ectively constraining the “moduli

space” consisting of the two tensors gµ⌫ and dµ⌫ .

The search for a general correspondence originated in the works of Lund, Regge, Pohlmeyer

and Getmanov [43–45] and was subsequently formalised by Sym [46–50] who showed that any

1
Notice that from (1.5) it follows that �(⌧)

(x) fulfills the Burgers-type equation

@⌧�
(⌧)

(x) + (@⌧x
µ
) @µ�

(⌧)
(x) = 0 , (1.6)

which may justify the wave-breaking phenomena observed in section 5. In our results xµ
is always linear in ⌧ ,

however we could not find an explicit expression for @⌧x
µ
valid in general.

2
See [8] for a clarifying discussion related to the current topic.
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Metric tensor:
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We see that in the zero momentum sector, this deformation changes the size of the system by �N .
From this we can immediately deduce some qualitative behavior of the deformed model. We expect
the physics for di↵erent sign of � to be di↵erent. For � > 0, we can take � to be any positive
value. In particular, we can take � ! +1 limit. In this limit, the length tends to infinity and the
particles are so far away from each other that they seldom interact. So we obtain an almost free
theory for any ✓(u, v). On the other hand, for � < 0, since physically we shall require R+ �N � 0
we have � � �

R

N
. Namely, for fixed N and R, there’s a critical value �c = �N/R beyond which

the system breaks down. The break down of the system can be seen in various physical quantities.
For example, taking ✓(u, v) = 0 in the free fermion limit, we find that the momentum and energy
are divergent at the critical value.

There is an alternative interpretation of our observation, which is related to the so-called hard
rod model. This is the model describes a free system of hard rods with finite size. The Hamiltonian
of the hard rod model is given by

H = �

NX

j=1

@2

@x2
j

+
NX

i<j

v(xi � xj) (56)

with the interaction

v(x) =

⇢
1, for |x| < a
0, for |x| > a

(57)

where a > 0 is a positive number describing the size of the hard rod. This is an integrable model
with the phase shift [26, 27]

✓HR(u, v) = �i logSHR(u, v) = �⇡sgn(u� v)� a(u� v). (58)

Now we take the S-matrix of the Lieb-Liniger model in the free boson limit c ! 0. The deformed
phase shift (47) is

lim
c!0

✓(u, v) + �(p(u)� p(v)) = �⇡sgn(u� v) + �(u� v). (59)

We find that for � < 0, the S-matrix for the deformed free boson is precisely the hard rod model
! Therefore, we find that the deformation for � < 0 can be interpreted as fattening a point-like
particle to a finite size hard rod of length |�|, see figure 1. It is then obvious that this value has to

Figure 1: The simple bilinear deformation turns a free bose gas into a free hard rod gas.

be bounded for fixed N and R. Since each rod has the length |�|. In order to fit N such rods in a
length R ring, we must have |�|N  R.

13

[Picture by Y. Jiang]

τ > 0

τ < 0

A local change of coordinates

8

2∂w∂w̄ϕ = − V′ 

(z = x1 + ix2, z̄ = x1 − ix2)

(w = y1 + iy2, w̄ = y1 − iy2)

∂ ( ∂̄ϕ
S ) + ∂̄ ( ∂ϕ

S ) = − V′ 

4S ( S + 1
1 + τV )

2

3.1 From the deformed to the undeformed model through a local change of

coordinates

Thus we have inferred that there must exist a coordinate system w = (w1(z), w2(z)) =

(w(z), w̄(z)) in which the matrices g
TT̄
µ⌫ and d

TT̄
µ⌫ assume the same form as g

sG
µ⌫ and d

sG
µ⌫ ,

respectively. In formulae

g
sG
µ⌫dw

µ
dw

⌫ = g
TT̄
µ⌫ dz

µ
dz

⌫ =) g
sG
µ⌫

dw
µ

dz⇢

dw
⌫

dz�
= g

TT̄
⇢� , (3.15)

d
sG
µ⌫dw

µ
dw

⌫ = d
TT̄
µ⌫ dz

µ
dz

⌫ =) d
sG
µ⌫

dw
µ

dz⇢

dw
⌫

dz�
= d

TT̄
⇢� . (3.16)

It is now a matter of simple algebraic manipulations to obtain the following equations for the

new coordinates

@w =
(S + 1)2

4S (1� ⌧V )
, @̄w̄ =

(S + 1)2

4S (1� ⌧V )
, (3.17)

@̄w =
⌧

S

�
@̄�
�2

, @w̄ =
⌧

S
(@�)2 . (3.18)

Let us now use the latter relations to find the partial derivatives of the field � in the coordinates

w:  
@�

@̄�

!
= J

 
@�/@w

@�/@w̄

!
, J =

 
@w @w̄

@̄w @̄w̄

!
. (3.19)

The result is

@� =
1

1� ⌧ (K + V )

@�

@w
, @̄� =

1

1� ⌧ (K + V )

@�

@w̄
, (3.20)

where we have defined the following function

K =
@�(w)

@w

@�(w)

@w̄
. (3.21)

With the help of (3.20), we can now find the expression for S in the coordinates w

S =
q
1 + 4⌧ (1� ⌧V ) @�@̄� =

1 + ⌧ (K � V )

1� ⌧ (K + V )
. (3.22)

We can then write the Jacobian matrix J and its inverse J �1 in terms of w as

J =

 
@w @w̄

@̄w @̄w̄

!
=

1

(1� ⌧V )2 � ⌧2K2

0

@
1� ⌧V ⌧

⇣
@�
@w

⌘2

⌧

⇣
@�
@w̄

⌘2
1� ⌧V

1

A ,

J �1 =

 
@wz @wz̄

@w̄z @w̄z̄

!
=

0

@
1 + ⌧V �⌧

⇣
@�
@w

⌘2

�⌧

⇣
@�
@w̄

⌘2
1 + ⌧V

1

A . (3.23)
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S = 1 + 4τ(1 + τV)∂ϕ∂̄ϕ
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Proposed   geometric intrepretationsTT̄

2) Any -deformed field theory is dynamically equivalent to its associated unperturbed theory coupled 
to (flat) Jackiw-Teitelboim gravity [Dubovsky-Gorbenko-Mirbabayi].

TT̄

3) The  deformation of a generic field theory is equivalent to coupling the undeformed field theory to 
2D ‘ghost-free massive gravity’  [Tolley].

TT̄

1) There exists a random geometry interpretation  of the  deformation of quantum field theory [Cardy]TT̄

to the action. Less formally, we define the deformation of a correlation function as

�h�(t)
1 (x1)�

(t)
2 (x2) · · · i = �t hO(t)�(t)

1 (x1)�
(t)
2 (x2) · · · i

(t)
c , (2.2)

and of the free energy as

�F (t) = �� logZ(t) = ��t hO(t)
i
T (t) . (2.3)

Note that t has dimension (length)2, so that the deformation is irrelevant in the IR, and
conversely relevant in the UV.

In Cartesian coordinates, detT = T11T22�T 2
12. This is minus Zamolodchikov’s operator

[1]

TT �⇥2 = TzzTz̄z̄ � T 2
zz̄ =

1
4

⇥
(T11 � T22 � 2iT12)(T11 � T22 +2iT12)� (T11 + T22)

2
⇤
, (2.4)

but the expression
detT = 1

2✏ik✏jlT
ijT kl (2.5)

is more useful.
It is very important [10] that the infinitesimal deformation is defined in terms of the

stress tensor T (t) of the deformed theory. The result is not the same as adding a term
t
R �

detT (0)
�
d2x with a finite coupling t to the action of T (0).

The perturbation of the action (2.1), which is quadratic in T (t), may as usual be
decoupled by a gaussian integral (Hubbard-Stratonovich transformation):

e2�t
R
D ✏ik✏jlT ijTkld2x

/

Z
[dh]e�(1/8�t)

R R
D ✏ik✏jlhijhkld2x+

R
D hijT ijd2x , (2.6)

where we have used ✏ik✏jl✏km✏ln = �im�jn, and suppressed the t-dependence of T (t). The
integral is over a tensor field hij , of which the antisymmetric part decouples. As we shall
only need to consider the saddle point solution and the relative gaussian fluctuations about
this, we can afford to be cavalier about the precise integration contours.

Since it will turn out that3 hij = O(�t), by the definition of Tij the second term
is equivalent to an infinitesimal change in the metric gij = �ij + hij . In principle the
integration in (2.6) is over all metrics infinitesimally close to euclidean, including those
with non-zero curvature. However, it turns out that because hij couples to a conserved
tensor Tij , this is not the case: we may restrict hij to be an infinitesimal diffeomorphism

hij = ↵i,j + ↵j,i with ↵i,j = ↵j,i , (2.7)

that is, the metric is flat. It turns out then that the action for ↵ is a total derivative and
therefore receives contributions only from the boundary @D. This we now show.

Since the integral in (2.6) is gaussian, its value is given by the value of the exponent at

3We may always assume this since we only ever consider infinitesimal �t, with a new T (t)
ij at each step.
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(Hubbard-Stratonovich transformation) 

to give a practical general solution by means of introducing an auxiliary zweibein e
a
µ (and

associated metric gµ⌫ = e
a
µe

b
⌫⌘ab) and considering the action

ST T̄ [', f, e] =

Z
d2x

1

2�
✏
µ⌫
✏ab(e

a
µ � f

a
µ)(e

b
⌫ � f

b
⌫) + S0[', e] (2.3)

where S0[', e] is the undeformed action living on the spacetime defined by the zweibein e
a
µ.

We will often refer to this as the seed theory. The stress energy defined from ST T̄ by varying

with respect to f gives

det(f)Tµ
a[', f, e] = � 1

�
✏
µ⌫
✏ab(e

b
⌫ � f

b
⌫) , (2.4)

which is better written as

eµ
a = fµ

a � � det f✏µ⌫✏
ab
T
⌫
b[', f, e] . (2.5)

We stress this is not an equation of motion, but a definition of the stress energy tensor. The

actual equation of motion is the deceptively similar equation

1

�
✏
µ⌫
✏ab(e

b
⌫ � f

b
⌫) +

�S0[', e]

�eaµ
= 0 . (2.6)

In the absence of curvature couplings, this equation is an algebraic equation for the zweibein

e which may be solved relatively straightforwardly. We denote by e⇤ the associated on-shell

value of eµa which is now � dependent by virtue of equation (2.6). In turn from this equation

we find a simple relationship between the stress energy of the undeformed theory on the

curved geometry e and that of the T T̄ deformed theory, namely

det fTµ
a =

�S0[']

�eaµ

���
e=e⇤

= det e⇤T0
µ
a(', e⇤) . (2.7)

Remembering that the spacetime indices on T
µ
a are raised and lowered using f/� and those

in T0
µ
a using e/g then by taking the determinant of both sides we find

detTµ
a = detT0µ

a
. (2.8)

To see that the action (2.3) is correctly defining the T T̄ deformation we note that

dST T̄ [', f, e⇤]

d�
= �

Z
d2x

1

2�2
✏
µ⌫
✏ab(e

a
µ � f

a
µ)(e

b
⌫ � f

b
⌫) +

Z
d2x

de⇤
d�

�ST T̄ [', f, e⇤]

�e
. (2.9)

The last term vanishes, by virtue of the on-shell condition, and so we have on-shell

dST T̄ [', f, e⇤]

d�
= �

Z
d2x

1

2�2
✏
µ⌫
✏ab(e⇤µ

a � fµ
a)(e⇤⌫

b � f⌫
b) (2.10)

= �
Z

d2x
1

2
✏
µ⌫
✏abTµ

a[', f, e⇤]T⌫
b[', f, e⇤] . (2.11)
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1 Introduction

The TT deformation of classical and quantum field theories in d = 2 space-time dimensions [1,2]
has provided remarkable insights into the topology and geometry of the space of field theories,
as well as allowing exact calculations of physical quantities related to the deformed models. In
two dimensions, TT flows are triggered by the operator

TT =
1

2

(
tr [T]2 − tr

[
T2
])

= det[T] , (1.1)

where T denotes the two-dimensional stress-energy tensor of the theory. Although the TT op-
erator is irrelevant, it was shown that the local operator (1.1) is well defined at a quantum
level [3], and the flow it generates preserves many of the symmetries of the seed (i.e., unde-
formed) theory, including integrability. This last property is a feature of a much larger class
of deformations, called double current deformations [4], and encompassing all the recent two-
dimensional generalisations of the TT deformation, such as the JT [5, 6], TTs [7], generalised
TT [8–10], and CDD [11–13] deformations. Moreover, many links have been observed with
several topics in theoretical physics, such as string theory [14–17], holography [18–27], random
geometries [28], out-of-equilibrium conformal field theory [29, 30], the generalised hydrodynam-
ics (GHD) approach [9, 10, 31], and quantum gravity [32–38]. In particular, it was shown that
any TT-deformed two-dimensional field theory is dynamically equivalent to its associated seed
theory coupled to a topological theory of gravity [39] which, on the plane, almost looks like
Jackiw-Teitelboim gravity [40, 41]. In other words, denoting the seed theory by SM and the
corresponding TT deformed theory by SM,τ , the following equivalence holds:

SM,τ " SM +

∫
d2x

√
−g (ϕR− Λ2) , (1.2)

where vacuum energy Λ2 is related to the TT coupling parameter τ by τ ∝ Λ−1
2 . Notice that

equation (1.2) provides a complete, quantum and non-perturbative definition of the TT deformed
theories along the whole flow. In addition, a main motivation for the current work stems from
the observation that in d = 2, a TT deformation can be interpreted as a field-dependent local
coordinate transformation that links the original model to its deformed version [39, 42].

Generalisations of the TT flow to higher dimensions have been introduced and studied in
various works [28, 43–48], at least at the classical level. These investigations, alongside the in-
troduction of the so-called Modified Maxwell (ModMax) theory [49], and the discovery that
both Born-Infeld and ModMax arise from Maxwell theory through a Lagrangian flow involving
TT-type composite fields [46,47,50], have sparked a revival of interest in nonlinear electrodynam-
ics [49, 51–53]. Moreover, the fact that the corresponding deforming operators are constructed
solely in terms of invariants built from the stress-energy tensor hints at the natural connection
with General Relativity and modified gravity models, which will be discussed shortly.

Almost in parallel, the study of modified theories of gravity has gained substantial interest in
cosmology. In particular, Born-Infeld-inspired minimal extensions of General Relativity allowed
to reproduce non-trivial gravitational dynamics while generating non-singular cosmologies [54–

2
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Main objective: 

Study Irrelevant/Marginal perturbations and their relation with Modified Gravity 
Models in d>2 :following class of dynamical equivalences:

SM,⌧ + SG ' SM + SG,⌧ . (1.3)

In other words, we are stating that in a modified gravity theory coupled with a TT-like
deformed theory, the gravitational mass scale and the matter flow parameter are exchangeable
on-shell, i.e. once the equations of motion for the gravitational degrees of freedom have been
enforced. We will corroborate this conjecture by providing a number of examples in which it
holds true. Explicit examples are worked out in d = 4, however, we believe this to be a mere
reflection of technical difficulties, rather than a physically meaningful restraint.

This work is organized as follows. In section 2 we present a brief review of the family
of TT-type deformations of classical field theories first proposed in [53]. We also introduce
the idea of TT dressing of bare functionals. This concept originates from the notion that,
for two-dimensional theories, the dynamics of the fully deformed theory is equivalent to that
of the undeformed seed theory under a specific field-dependent change of metric [38], up to
a term proportional to the deforming operator. We show that, in a few remarkable exam-
ples, the deformed metric tensor can be exactly computed by solving a system of differential
equations which originate from the stress tensor flow. In section 3, we introduce Ricci-based
gravity theories [68, 69], which allow for ghost-free UV modifications of General Relativity by
relying on the Palatini formalism. We discuss the existence of a special auxiliary metric tensor
which realizes on-shell metric-compatibility for the dynamical connection. When the modified
gravitational sector of the theory is written with respect to this new metric, its equations of
motion take the form of the General Relativity ones, provided that we account for non-trivial
modifications of the matter sector. Finally, Modified Eddington-inspired Born-Infeld gravity
– a Born-Infeld-type subclass of Ricci-based gravity theories – is introduced. After a general
discussion, we analyze two interesting limits of this theory: one leads to Eddington-inspired
Born-Infeld gravity, while the other reproduces a polynomial theory of gravity, which reduces
to the Starobinsky model in four dimensions. In section 4 we focus our attention on d = 4.
After reviewing some facts related to TT-like deformations of Abelian gauge theories [70], we
show how the specific form of the corresponding deformed metric can be computed thanks
to the characteristic degeneracy of their associated energy-momentum tensor. Afterward,
we show that such deformations can be generated by coupling the Abelian gauge theory to
Eddington-inspired Born-Infeld gravity. In particular, the reframing procedure is shown to
be equivalent to the TT dressing of the bare U(1)-symmetric action. This allows us to write
down equations for the on-shell gravitational flow. We then focus on pure-trace deformations,
a particularly well-behaved subgroup of TT-like flows. After discussing how specific theories
are deformed under such flows, and how the dressing technique can be once again employed to
obtain the fully deformed action, we demonstrate how pure-trace deformations are generated
by coupling the theory to Starobinsky gravity. Once more, we introduce the idea of gravita-
tional on-shell stress tensor flows. In section 5, we advocate for the existence of on-shell stress
tensor flows associated to broader classes of deformations, and provide an example related
to square-root-like operators in four dimensions. In section 6, our conclusions are presented,
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?

where we introduced

Ṽ = 2 (1� cosh') , S̃ =

r
1� 4⌧

⇣
1� ⌧ Ṽ

⌘
@'@̄' . (3.43)

This proves that both theories, as expected, retain their integrable structure along the TT̄

flow.

4 Maxwell-Born-Infeld electrodynamics in 4D

Two-photon plane wave scattering in 4D Maxwell-Born-Infeld (MBI) electrodynamics was

considered by Schrödinger and others in pre-QED times (see, for example, [45] for a nice

historical review on the early period of non-linear electrodynamics theories). Later, in [39, 40]

it was shown that the scattering of two plane waves in MBI electrodynamics can be mapped

onto a specific solution of the 2D bosonic BI equations of motion, the N = 2 model in

equations (2.15) and (2.16). In particular, it is extremely suggestive that the resulting phase-

shift can be nicely interpreted as being the classical analog of the TT̄-related scattering phase.

Compare, for example, the results of [39, 40] with the discussion about the classical origin of

the time delay in [10] .

Motivated by these observations, in this Section we investigate the 4D MBI theory of

electrodynamics and show that interestingly it shares a lot of common aspects with the 2D

bosonic BI models studied in Section 2. In particular we will see that it arises as a deformation

of the Maxwell theory induced by the square root of the determinant of the Hilbert stress-

energy tensor.

Consider the MBI Lagrangian in 4D defined on a generic background metric gµ⌫ as

LMBI
g (A, ⌧) =

�
p

| det [gµ⌫ ] |+
q
det

⇥
gµ⌫ +

p
2⌧Fµ⌫

⇤

2⌧
, (µ, ⌫ = {1, 2, 3, 4}) , (4.1)

where Fµ⌫ = @µA⌫ � @⌫Aµ is the field strength associated to the abelian gauge field Aµ. In

Euclidean spacetime (gµ⌫ = ⌘µ⌫ ⌘ diag(+1,+1,+1,+1)), (4.1) takes the form

LMBI(A, ⌧) =
�1 +

r
1� ⌧ Tr [F 2] + ⌧2

4

⇣
Tr[F eF ]

⌘2

2⌧
, (4.2)

where eFµ⌫ = 1
2✏µ⌫⇢�F

⇢� is the Hodge dual field strength. From the expansion of (4.2) in

powers of ⌧ around ⌧ = 0

LMBI(A, ⌧) ⇠
⌧!0

�1

4
Tr[F 2] +

⌧

16

�
Tr[F 2]2 � 4Tr[F 4]

�
+O(⌧2)

= LM + ⌧
p
det[TM] +O(⌧2) , (4.3)

one recognizes the Maxwell Lagrangian

LM(A) =
1

4
Fµ⌫F

µ⌫ = �1

4
Tr[F 2] , (4.4)
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-type perturbations  in higher space-time dimensions TT̄

Finally, we would like to make some comments about the generalization of theTT̄ deformation

to higher dimensions. Here we found that a 4D theory arises as a deformation induced by

a power 1/2 of the determinant of the stress-energy tensor. This result apparently does

not agree with the generalization to higher dimensions proposed in [30], from which one

would expect a power 1/(D � 1) = 1/3 instead. Interestingly, notice also that the operatorp
det[TMBI] can be written in this form

p
det[TMBI] =

1

4

✓
1

2
Tr [TMBI]2 � Tr

h
(TMBI)2

i◆
, (4.19)

which strongly resembles the generalization of the TT̄ operator to higher dimensions recently

proposed in [37], except for the factor 1/2 in front of Tr [TMBI]2 instead of 1/(D � 1) = 1/3.

Although in this Section we have seen that there are many similarities at the classical

level between the 4D Maxwell-Born-Infeld model and the 2D bosonic model discussed in

Section 2, the situation at the quantum level is in principle much more complicated. However

it would be remarkable if a structure similar to that reviewed in Section 2 could emerge for

the quantized energy spectrum.

5 Deformed 2D Yang-Mills

The 4D electrodynamics case turns out to be quite special, since in other dimensions the

MBI Lagrangian seems not to arise from a deformation of the Maxwell theory driven by any

power of the determinant of the Hilbert stress-energy tensor. Solving perturbatively equation

(2.14), with initial condition the Maxwell Lagrangian at ⌧ = 0, only for the two-dimensional

case we were able to recover the full analytic expression for the deformed Lagrangian:

LM2(A, ⌧) =
3

4⌧

✓
3F2

✓
�1

2
,�1

4
,
1

4
;
1

3
,
2

3
;
256

27
⌧ LM2(A, 0)

◆
� 1

◆
, (5.1)

where LM2(A, 0) = 1
2F21F 21 is the 2D Maxwell Lagrangian, and F21 = �F12 is the only

non-vanishing component of the field strength. Expression (5.1) is unexpectedly complicated,

however, since the quantized energy spectrum should still satisfy the Burgers equation (2.1),

simplifications may appear at the level of the classical Hamiltonian density. As before, de-

noting the time derivative as Ȧµ = @2Aµ, the conjugated momenta are

⇧1 =
@LM2(A, ⌧)

@Ȧ1
, ⇧2 = 0 , (5.2)

and the explicit form of the Legendre map can be obtained using the Lagrange inversion

theorem to invert the relation (5.2). One finds that F21 can be expressed in terms of ⇧1 as

F21 =
4⇧1

�
2 + ⌧ (⇧1)2

�2 , (5.3)
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at the order O(⌧0). The O(⌧) contribution in (4.3) is instead related to the determinant of

the Hilbert stress-energy tensor of the Maxwell theory TM, which can be computed from the

Noether theorem adding the Belinfante-Rosenfeld improvement to make it symmetric and

gauge invariant, i.e.

(TM)µ⌫ ⌘ @LM

@ (@µA⇢)
F ⌫⇢ � ⌘µ⌫LM = Fµ⇢F ⌫⇢ � ⌘µ⌫LM . (4.5)

Formula (4.3) hints that LMBI may arise from a deformation of Maxwell electrodynamics

e↵ected by the operator O ⌘
p
det[TMBI] according to the flow equation

@⌧LMBI =
p
det[TMBI] , (4.6)

where TMBI is the Hilbert stress-energy tensor associated to the MBI Lagrangian. Using the

general definition

(TMBI)µ⌫ =
�2
p
g

�LMBI
g

�gµ⌫
,
p
g ⌘

q
| det[gµ⌫ ]| , (4.7)

it is possible to show that, in euclidean spacetime (gµ⌫ = ⌘µ⌫), the following relation holds

O =
�1 + S(⌧)� 2⌧ LM

2⌧2S(⌧) = @⌧LMBI , S(⌧) ⌘
r
det

h
⌘µ⌫ +

p
2⌧Fµ⌫

i
, (4.8)

thus proving the validity of (4.6).

As noticed in [22], the presence of an internal symmetry (in the current case the U(1) gauge

symmetry) makes the definition of the stress-energy tensor ambiguous. As already appears

at the perturbative level in (4.3), here the symmetric and gauge invariant Hilbert stress-

energy tensor seems to be the natural choice to get the BI Lagrangian as a deformation of

the Maxwell electrodynamics. However let us point out that there is no reason to rule out a

priori a deformation induced by the Noether stress-energy tensor, which is neither symmetric

nor gauge invariant.

Driven by the formal analogy between (4.2) and the bosonic 2D BI Lagrangian (2.16), now

we apply the same strategy of Section 2 to put interactions in the theory.

Recasting (4.2) into a more compact form

LMBI(A, ⌧) =
�1 +

p
1 + 4⌧ LM(A) + 4⌧2BMBI

2⌧
, BMBI = det[F ] , (4.9)

one immediately see that the quantity

LMBI
� (A, ⌧) =

1

�
LMBI

✓
A,

⌧

�2

◆
, (4.10)

where � is again an auxiliary adimensional parameter, satisfies the inhomogeneous Burgers

equation

@⌧LMBI
� (A, ⌧) = LMBI

� (A, ⌧) @�LMBI
� (A, ⌧) +

BMBI

�3
, (4.11)
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[M.Taylor, J.Cardy…]

[Conti-Iannella-Negro-RT]

Born-Infeld nonlinear electrodynamics 4d

where we introduced

Ṽ = 2 (1� cosh') , S̃ =

r
1� 4⌧

⇣
1� ⌧ Ṽ

⌘
@'@̄' . (3.43)

This proves that both theories, as expected, retain their integrable structure along the TT̄

flow.

4 Maxwell-Born-Infeld electrodynamics in 4D

Two-photon plane wave scattering in 4D Maxwell-Born-Infeld (MBI) electrodynamics was

considered by Schrödinger and others in pre-QED times (see, for example, [45] for a nice

historical review on the early period of non-linear electrodynamics theories). Later, in [39, 40]

it was shown that the scattering of two plane waves in MBI electrodynamics can be mapped

onto a specific solution of the 2D bosonic BI equations of motion, the N = 2 model in

equations (2.15) and (2.16). In particular, it is extremely suggestive that the resulting phase-

shift can be nicely interpreted as being the classical analog of the TT̄-related scattering phase.

Compare, for example, the results of [39, 40] with the discussion about the classical origin of

the time delay in [10] .

Motivated by these observations, in this Section we investigate the 4D MBI theory of

electrodynamics and show that interestingly it shares a lot of common aspects with the 2D

bosonic BI models studied in Section 2. In particular we will see that it arises as a deformation

of the Maxwell theory induced by the square root of the determinant of the Hilbert stress-

energy tensor.

Consider the MBI Lagrangian in 4D defined on a generic background metric gµ⌫ as

LMBI
g (A, ⌧) =

�
p

| det [gµ⌫ ] |+
q
det

⇥
gµ⌫ +

p
2⌧Fµ⌫

⇤

2⌧
, (µ, ⌫ = {1, 2, 3, 4}) , (4.1)

where Fµ⌫ = @µA⌫ � @⌫Aµ is the field strength associated to the abelian gauge field Aµ. In

Euclidean spacetime (gµ⌫ = ⌘µ⌫ ⌘ diag(+1,+1,+1,+1)), (4.1) takes the form

LMBI(A, ⌧) =
�1 +

r
1� ⌧ Tr [F 2] + ⌧2

4

⇣
Tr[F eF ]

⌘2

2⌧
, (4.2)

where eFµ⌫ = 1
2✏µ⌫⇢�F

⇢� is the Hodge dual field strength. From the expansion of (4.2) in

powers of ⌧ around ⌧ = 0

LMBI(A, ⌧) ⇠
⌧!0

�1

4
Tr[F 2] +

⌧

16

�
Tr[F 2]2 � 4Tr[F 4]

�
+O(⌧2)

= LM + ⌧
p
det[TM] +O(⌧2) , (4.3)

one recognizes the Maxwell Lagrangian

LM(A) =
1

4
Fµ⌫F

µ⌫ = �1

4
Tr[F 2] , (4.4)
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Consider the family of deformations defined by the flow equation 

with perturbing operator

  -type deformations in d  2 TT̄ >

show how the specific form of the corresponding deformed metric can be computed thanks
to the characteristic degeneracy of their associated energy-momentum tensor. Afterward,
we show that such deformations can be generated by coupling the Abelian gauge theory to
Eddington-inspired Born-Infeld gravity. In particular, the reframing procedure is shown to
be equivalent to the TT dressing of the bare U(1)-symmetric action. This allows us to write
down equations for the on-shell gravitational flow. We then focus on pure-trace deformations,
a particularly well-behaved subgroup of TT-like flows. After discussing how specific theories
are deformed under such flows, and how the dressing technique can be once again employed to
obtain the fully deformed action, we demonstrate how pure-trace deformations are generated
by coupling the theory to Starobinsky gravity. Once more, we introduce the idea of gravita-
tional on-shell stress tensor flows. In section 5, we advocate for the existence of on-shell stress
tensor flows associated to broader classes of deformations, and provide an example related
to square-root-like operators in four dimensions. In section 6, our conclusions are presented,
with a focus on future perspectives associated with TT-like flows and their connection to
gravity. Appendix A comprises detailed computations illustrating the explicit application of
TT dressing in the context of Maxwell’s theory. We also briefly discuss the associated fam-
ily of field-dependent diffeomorphisms establishing the correspondence between Maxwell-type
actions and Born-Infeld functionals.

2 TT-like deformations in arbitrary dimensions F

We denote as
SM =

Z
ddx

p
�gLM , g := det [gµ⌫ ] (2.1)

a generic covariant matter action in d-dimensional spacetime, where LM is the associated La-
grangian density, which depends on the spacetime coordinates x = (xµ)

µ2{0,...,d�1} through
a generic collection of N matter fields {�I}I2{1,...,N} and their higher-order derivatives. The
field content of the theory is arbitrary unless otherwise stated. Indexes of tensors are lowered
and raised using the metric gµ⌫ and its inverse gµ⌫ , respectively, and repeated indexes are
summed according to the Einstein notation. In this paper we focus on the family of defor-
mations proposed in [53], where the following flow equation for the matter sector has been
considered:

@SM,⌧

@⌧
=

Z
ddx

p
�gO[a,b]

d
, SM,⌧0 := SM. (2.2)

The deforming operator is defined as

O
[a,b]

d
:=

1

d

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2

⌧

⇤⌘
, a, b 2 R , d � 2 , (2.3)

where ⌧ is the flow parameter, and ⌧0 is a fixed point in correspondence to which the seed
matter theory SM lives. Here T⌧ = (gµ↵T⌧,↵⌫)µ,⌫2{0,...,d�1} is a d ⇥ d dimensional matrix,
where T⌧,µ⌫ are the components of the symmetric Hilbert stress-energy tensor

T⌧,µ⌫ =
�2
p
g

�SM,⌧

�gµ⌫
. (2.4)
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for the Ricci tensor and

�R = Rab �⌘
ab + ⌘

ab
�Rab =

4

d
�⌧ (rd� r � 1) @a@

atr[T⌧ ] , (2.23)

for the scalar curvature. In (2.22) and (2.23) we used the additional constraint

@
a bT⌧,ab = r @btr[T⌧ ] , (2.24)

coming from the conservation of the stress-energy tensor in flat space, i.e. @aT
ab
⌧ = 0. From

(2.23) it follows that

�R = 0 () r =
1

d� 1
. (2.25)

Let us consider separately the cases d = 2 and d > 2.

• case d > 2: from (2.21), it emerges that the deformation of the Riemann tensor depends
on the field configuration through the stress-energy tensor and it is,in general, non-
vanishing. Therefore, we conclude that the deformation induced by (1.3) modifies the
geometry of the space in a non-trivial way for d > 2.

• case d = 2: in this case the Riemann tensor has only one independent component, i.e.
the scalar curvature R. From (2.25) it follows that the operator O[r,2]

⌧ modifies the
geometry of the space for any r 6= 1. The case r = 1 is special and corresponds to the
TT operator OTT

⌧ = O[1,2]
⌧ which does not affect the geometry, in agreement with the

existence of a coordinate transformation.

3 Metric flow equation

In this section, we derive a system of differential equations that completely defines the flow of
the metric. Moreover, we develop a perturbative algorithm to find a power series expansion
for the solution to the metric flow equation.

The equivalence (2.20) leads to the following system of differential equations,
8
>><

>>:

dgµ⌫
ds

=
4

d

bTs,µ⌫

@T
µ⌫
s

@s
=

�2

d
p
g

@

@gµ⌫

⇣p
g bTs,⇢�T

⇢�
s

⌘ , (3.1)

where the second equation descends from (1.2) and (1.4). Using the properties

@g

@gµ⌫
= g g

µ⌫
, (3.2)

and
@ bTs,µ⌫

@g⇢�
= r

�
�
⇢
µ�

�
⌫ tr[Ts] + gµ⌫T

⇢�
s

�
� �

⇢
µT

�
s,⌫ � �

⇢
⌫T

�
s,µ + fµ⌫↵�

@T
↵�
s

@g⇢�
, (3.3)
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In two dimensions, since

O
[1,1]

2
=

1

2

⇣
tr [T⌧ ]

2
� tr

⇥
T

2

⌧

⇤⌘
= det[T⌧ ], (2.5)

we recover the usual definition of TT deformations when setting a = 1, b = 1. It is important
to stress that this paper is about classical field theories and, apart from the special case (2.5),
it is not known how to make the composite field (2.3) well-defined at the quantum level. In
the context of two-dimensional TT deformations, it is known that the deformed action SM,⌧ ,
with underlying metric tensor gµ⌫ , is equivalent to the undeformed one SM,⌧ over some new
background metric hµ⌫ , up to a term proportional to the deforming operator computed with
respect to the seed theory [71, 72]:

⇢
SM[gµ⌫ ,�I ]� (⌧ � ⌧0)

Z
d2x

p
�g det [T⌧0 ]

�����
g=g(h)

= SM,⌧ [hµ⌫ ,�I ] . (2.6)

In this paper, we conjecture that an analogous relation holds for any TT-like deformation
generated by the operator (2.3), or equivalently, that there exists some metric tensor hµ⌫ such
that ⇢

SM[gµ⌫ ,�I ]� (⌧ � ⌧0)

Z
ddx

p
�gO[r,s]

d

�����
g=g(h)

= SM,⌧ [hµ⌫ ,�I ] . (2.7)

This claim will be later verified for some specific theories. Throughout the rest of this paper,
we will refer to the correspondence (2.6), along with its higher-dimensional generalization
(2.7), as the TT -like dressing of the bare action SM,⌧ .

2.1 The metric approach F
Concerning the existence of the deformed tensor hµ⌫ , it has been shown in [53] that TT-type
operators as defined in (2.3) can be understood as the generators of the metric flow

8
>><

>>:

dg⌧,µ⌫
d⌧

= �
4

d
(atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫) ,

@T⌧,µ⌫

@⌧
=

�2

d
p
�g

@

@gµ⌫

h
p
�g

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2
⌧

⇤⌘i
,

(2.8)

with boundary condition g⌧0,µ⌫ = gµ⌫ . This implies consistency conditions for the specific
structure of hµ⌫ capable of satisfying (2.7), which must be equivalent to the metric tensor
obtained by integrating equation (2.8) for some fixed value of ⌧ . In other words, g⌧,µ⌫ =

hµ⌫ . Exact solutions for the metric flow (2.8) can be derived algorithmically, provided that
the power series expansion of the deformed metric truncates at a certain order. Following
some algebraic manipulations, detailed in [53], it is possible to rewrite (2.8) in terms of total
derivatives of the stress tensor as

8
>><

>>:

dg⌧,µ⌫
d⌧

= �
4

d
bT⌧,µ⌫

d bT⌧,µ⌫

d⌧
=

4

d
bT↵
⌧,µ

bT⌧,↵⌫ + ⇠⌧ bT⌧,µ⌫ + �⌧g⌧,µ⌫ ,

(2.9)
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with boundary condition g⌧0,µ⌫ = gµ⌫ . This implies consistency conditions for the specific
structure of hµ⌫ capable of satisfying (2.7), which must be equivalent to the metric tensor
obtained by integrating equation (2.8) for some fixed value of ⌧ . In other words, g⌧,µ⌫ =

hµ⌫ . Exact solutions for the metric flow (2.8) can be derived algorithmically, provided that
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where we introduced the notation

bT⌧,µ⌫ := atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫ , (2.10)
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The idea is then to Taylor expand the metric g⌧,µ⌫ around ⌧ = ⌧0 as

g⌧,µ⌫ =
1X
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g(n)⌧0,µ⌫

n!
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n , g(0)⌧0,µ⌫
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The first two coefficients g(1)⌧0,µ⌫ and g(2)⌧0,µ⌫ descend trivially from (2.8) and yield
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There are some exceptional cases in which the whole expansion (2.12) truncates at low orders.
A few notable examples are:

• When d = 4, a = 1/2 and b = 11, if the matrix T⌧0 admits two independent eigenvalues
{`0, `1}, each of multiplicity 2, it can be shown that the series (2.12) converges to

g⌧,µ⌫ = hµ⌫ = gµ⌫ + (⌧ � ⌧0)


T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

�
. (2.15)

The degeneracy condition on the stress-energy tensor turns out to be satisfied in many
physically relevant examples, such as Abelian gauge theories.

• When d = 4, b = 0, the deforming operator triggers the pure-trace deformation
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2 , (2.16)

and the first two coefficients of (2.12) are given by

g(1)⌧0,µ⌫
= �atr [T] gµ⌫ , (2.17)

g(2)⌧0,µ⌫
= 0. (2.18)

It can be shown that every other g(n)⌧0,µ⌫ vanishes for n � 2, which implies

g⌧,µ⌫ = hµ⌫ = gµ⌫ � a (⌧ � ⌧0) tr [T] gµ⌫ . (2.19)
1
This property can be generalized to arbitrary spacetime dimensions for a = 2/d and b = 1. However, for

the aims of this paper, it is sufficient to focus on the four-dimensional case.
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with boundary condition g⌧0,µ⌫ = gµ⌫ . This implies consistency conditions for the specific
structure of hµ⌫ capable of satisfying (2.7), which must be equivalent to the metric tensor
obtained by integrating equation (2.8) for some fixed value of ⌧ . In other words, g⌧,µ⌫ =

hµ⌫ . Exact solutions for the metric flow (2.8) can be derived algorithmically, provided that
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perturbations

are equivalent to the corresponding TT�deformed ones in flat space. In other words, there
exists a deformed metric that makes the seed theory dynamically equivalent2 to the deformed
theory in flat space. Strictly speaking, this deformed metric is a pseudo-metric since, for a
generic field configuration there might exist a range of values of the deformation parameter
for which it becomes degenerate (see [9]).

Throughout the paper we will handle with pseudo-metrics – see (3.11) and (3.12) – as-
sociated to the generalised operators (1.3) in arbitrary dimension d � 2. However, we shall
refer to them simply as metrics neglecting the issue related to the degeneracy, since it does
not affect the general conclusions that emerge from our analysis.

In contrast to the TT operator, the geometric properties of the operators (1.3) for d > 2 are
essentially unknown. The interest toward such deformations is partially due to the discovery
first made in [15], that the operator O[ 12 ,4]

⌧ surprisingly links the Maxwell theory with Maxwell
Born-Infeld [16] and, in [17, 18], it was proven that the same link exists between the ModMax
theory [19] and its Born-Infeld-like extension [20], thus generalising the result of [15].

The aim of this paper is to study the geometric properties of the family of deformations
(1.2) through a metric approach. In section 2.1, we start by showing that (1.2) can be
interpreted as a modification of the background metric – at dynamical level – according to
a specific flow equation. In section 2.2 we prove that, for a generic field configuration, such
deformed metric is curved except for the specific case (r, d) = (1, 2) – corresponding to the
TT deformation – in which it remains flat, in accordance with the existence of a coordinate
transformation. In section 3.1, we develop a perturbative algorithm to solve the flow equation
for the metric and, in section 3.2, we show that under some assumptions on the stress-energy
tensor, the series yields an exact solution for the metric. In section 3.3 we consider the class
of abelian gauge theories in d = 4, whose stress-energy tensors meet the conditions above-
mentioned, and we derive an exact expression for the deformed metric and the vierbein;
appendix A contains the details of the derivation of the vierbein. Finally, in section 4 we
construct a class of modified scalar theories in d = 2 and their corresponding TT deformation,
as a dimensional reduction of the ModMax theory and its Born-Infeld-like extension.

2 A TT�like deformation in d dimensions

For the purposes of the current paper, it is convenient to rewrite (1.3) as follows

O[r,d]
⌧ =

1

d

bT⌧,µ⌫T
µ⌫
⌧ , (2.1)

where we introduced the tensor

bT⌧,µ⌫ := fµ⌫⇢�T
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2
Because the equivalence is at the level of the equations of motion.
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with a focus on future perspectives associated with TT-like flows and their connection to
gravity. Appendix A comprises detailed computations illustrating the explicit application of
TT dressing in the context of Maxwell’s theory. We also briefly discuss the associated fam-
ily of field-dependent diffeomorphisms establishing the correspondence between Maxwell-type
actions and Born-Infeld functionals.

2 TT-like deformations in arbitrary dimensions

We denote as
SM =

Z
ddx

p
�gLM , g := det [gµ⌫ ] (2.1)

a generic covariant matter action in d-dimensional spacetime, where LM is the associated La-
grangian density, which depends on the spacetime coordinates x = (xµ)

µ2{0,...,d�1} through
a generic collection of N matter fields {�I}I2{1,...,N} and their higher-order derivatives. The
field content of the theory is arbitrary unless otherwise stated. Indexes of tensors are lowered
and raised using the metric gµ⌫ and its inverse gµ⌫ , respectively, and repeated indexes are
summed according to the Einstein notation. In this paper we focus on the family of defor-
mations proposed in [53], where the following flow equation for the matter sector has been
considered:

@SM,⌧

@⌧
=

Z
ddx

p
�gO[a,b]

d,⌧
, SM,⌧0 := SM . (2.2)

The deforming operator is defined as

O
[a,b]

d,⌧
:=

1

d

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2

⌧

⇤⌘
, a, b 2 R , d � 2 , (2.3)

where ⌧ is the flow parameter, and ⌧0 is a fixed point in correspondence to which the seed
matter theory SM lives. Here T⌧ = (gµ↵T⌧,↵⌫)µ,⌫2{0,...,d�1} is a d ⇥ d dimensional matrix,
where T⌧,µ⌫ are the components of the symmetric Hilbert stress-energy tensor

T⌧,µ⌫ =
�2
p
g

�SM,⌧

�gµ⌫
. (2.4)

In two dimensions, since

O
[1,1]

2,⌧
=

1

2

⇣
tr [T⌧ ]

2
� tr

⇥
T

2

⌧

⇤⌘
= det[T⌧ ] , (2.5)

we recover the usual definition of TT deformations when setting a = 1, b = 1. It is important
to stress that this paper is about classical field theories and, apart from the special case (2.5),
it is not known how to make the composite field (2.3) well-defined at the quantum level. In
the context of two-dimensional TT deformations, it is known that the deformed action SM,⌧ ,
with underlying metric tensor gµ⌫ , is equivalent to the undeformed one SM,⌧ over some new
background metric hµ⌫ , up to a term proportional to the deforming operator computed with
respect to the seed theory [71, 72]:

⇢
SM[gµ⌫ ,�I ]� (⌧ � ⌧0)

Z
d2x

p
�g det [T⌧0 ]

�����
g=g(h)

= SM,⌧ [hµ⌫ ,�I ] . (2.6)
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where we introduced the notation

bT⌧,µ⌫ := atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫ , (2.10)

and where ⇠⌧ and �⌧ are scalar functions of the energy-momentum tensor defined as

⇠⌧ =
2

d
(b� da) tr [T⌧ ] , �⌧ =

da� b

d

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2

⌧

⇤⌘
. (2.11)

The idea is then to Taylor expand the metric g⌧,µ⌫ around ⌧ = ⌧0 as

g⌧,µ⌫ =
1X

n=0

g(n)⌧0,µ⌫

n!
(⌧ � ⌧0)

n , g(0)⌧0,µ⌫
= gµ⌫ . (2.12)

The first two coefficients g(1)⌧0,µ⌫ and g(2)⌧0,µ⌫ descend trivially from (2.8) and yield

g(1)⌧0,µ⌫
= �

4

d
bT⌧0,µ⌫ , (2.13)

g(2)⌧0,µ⌫
=

16

d2
bT↵

⌧0,µ
bT⌧0,↵,⌫ +

4

d
⇠⌧0 bT⌧0,µ⌫ +

4

d
�⌧0gµ⌫ . (2.14)

There are some exceptional cases in which the whole expansion (2.12) truncates at low orders.
A few notable examples are:

• When d = 4, a = 1/2 and b = 11, if the matrix T⌧0 admits two independent eigenvalues
{`0, `1}, each of multiplicity 2, it can be shown that the series (2.12) converges to

g⌧,µ⌫ = hµ⌫ = gµ⌫ + (⌧ � ⌧0)


T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

�
. (2.15)

The degeneracy condition on the stress-energy tensor turns out to be satisfied in many
physically relevant examples, such as Abelian gauge theories.

• When d = 4, b = 0, the deforming operator triggers the pure-trace deformation

@SM,⌧

@⌧
=

a

4

Z
d4x

p
�g tr [T⌧ ]

2 , (2.16)

and the first two coefficients of (2.12) are given by

g(1)⌧0,µ⌫
= �atr [T] gµ⌫ , (2.17)

g(2)⌧0,µ⌫
= 0. (2.18)

It can be shown that every other g(n)⌧0,µ⌫ vanishes for n � 2, which implies

g⌧,µ⌫ = hµ⌫ = gµ⌫ � a (⌧ � ⌧0) tr [T] gµ⌫ . (2.19)
1
This property can be generalized to arbitrary spacetime dimensions for a = 2/d and b = 1. However, for

the aims of this paper, it is sufficient to focus on the four-dimensional case.
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Notice that equation (4.6) can be written in terms of the associated matrices as

T = a01+ a1F
2 + a2F

4, (4.7)

where ai, i = 0, . . . , 2, are some functions of tr
⇥
F
2
⇤

and tr
⇥
F
4
⇤
. If we label the eigenvalues

of F by �n, the eigenvalues of T will result into

{`n} =
�
a0 + a1�

2

n + a2�
4

n

 
, n = 0, . . . , 3 . (4.8)

Moreover, since the eigenvalues of any antisymmetric matrix are purely imaginary and come
in complex conjugate pairs, we can take

{�0,�1,�2,�3} = {�0,�1,��0,��1} , (4.9)

meaning
{`n} = {`0, `1, `0, `1} . (4.10)

As a consequence of this reasoning, there exists some 4⇥ 4 matrix C such that

CTC
�1 = diag {`0, `1, `0, `1} . (4.11)

Since
det

⇥
CTC

�1
⇤
= det [T] , tr

⇥�
CTC

�1
�n⇤

= tr [Tn] , (4.12)

one can check that for any four-dimensional U(1)-symmetric theory the stress-energy tensor
satisfies p

det [T] =
1

4

✓
1

2
tr [T]2 � tr

⇥
T

2
⇤◆

. (4.13)

Indeed, assuming T to be positive-definite, we have
p
det [T] =

q
`2
0
`2
1
= `0`1, tr [T] = 2 (`0 + `1) , tr

⇥
T

2
⇤
= 2

�
`20 + `21

�
. (4.14)

Moreover, relying on (4.11), it is possible to show that

1�
p
det [1� ⌧T] = �⌧2

p
det [T] +

1

2
⌧tr [T] , (4.15)

which implies

�⌧
p
det [T] =

1

⌧

✓
1�

1

2
⌧tr [T]�

p
det [1� ⌧T]

◆
. (4.16)

Given that gauge symmetry remains unbroken along TT-like flows [79], we observe that if the
matter content of a four-dimensional theory SU(1),⌧ – invariant under transformations of the
gauge group U(1) – complies with the flow equation (2.2) for a = 1/2, b = 1, it must also
satisfy

@SU(1),⌧

@⌧
=

Z
d4x

p
�gO[1/2,1]

4,⌧

=

Z
d4x

p
�g

p
det [T⌧ ]

=
1

⌧2

Z
d4x

p
�g

✓p
det [1� ⌧T⌧ ] +

1

2
⌧tr [T⌧ ]� 1

◆
,

(4.17)
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where we introduced the notation

bT⌧,µ⌫ := atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫ , (2.10)

and where ⇠⌧ and �⌧ are scalar functions of the energy-momentum tensor defined as

⇠⌧ =
2

d
(b� da) tr [T⌧ ] , �⌧ =

da� b

d

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2

⌧

⇤⌘
. (2.11)

The idea is then to Taylor expand the metric g⌧,µ⌫ around ⌧ = ⌧0 as

g⌧,µ⌫ =
1X

n=0

g(n)⌧0,µ⌫

n!
(⌧ � ⌧0)

n , g(0)⌧0,µ⌫
= gµ⌫ . (2.12)

The first two coefficients g(1)⌧0,µ⌫ and g(2)⌧0,µ⌫ descend trivially from (2.8) and yield

g(1)⌧0,µ⌫
= �

4

d
bT⌧0,µ⌫ , (2.13)

g(2)⌧0,µ⌫
=

16

d2
bT↵

⌧0,µ
bT⌧0,↵,⌫ +

4

d
⇠⌧0 bT⌧0,µ⌫ +

4

d
�⌧0gµ⌫ . (2.14)

There are some exceptional cases in which the whole expansion (2.12) truncates at low orders.
A few notable examples are:

• When d = 4, a = 1/2 and b = 11, if the matrix T⌧0 admits two independent eigenvalues
{`0, `1}, each of multiplicity 2, it can be shown that the series (2.12) converges to

g⌧,µ⌫ = hµ⌫ = gµ⌫ + (⌧ � ⌧0)


T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

�
. (2.15)

The degeneracy condition on the stress-energy tensor turns out to be satisfied in many
physically relevant examples, such as Abelian gauge theories.

• When d = 4, b = 0, the deforming operator triggers the pure-trace deformation

@SM,⌧

@⌧
=

a

4

Z
d4x

p
�g tr [T⌧ ]

2 , (2.16)

and the first two coefficients of (2.12) are given by

g(1)⌧0,µ⌫
= �atr [T] gµ⌫ , (2.17)

g(2)⌧0,µ⌫
= 0. (2.18)

It can be shown that every other g(n)⌧0,µ⌫ vanishes for n � 2, which implies

g⌧,µ⌫ = hµ⌫ = gµ⌫ � a (⌧ � ⌧0) tr [T] gµ⌫ . (2.19)
1
This property can be generalized to arbitrary spacetime dimensions for a = 2/d and b = 1. However, for

the aims of this paper, it is sufficient to focus on the four-dimensional case.

– 6 –

The first two coefficients g(1)⌧0,µ⌫ and g(2)⌧0,µ⌫ descend trivially from (2.8) and yield

g(1)⌧0,µ⌫
= �

4

d
bT⌧0,µ⌫ , (2.13)

g(2)⌧0,µ⌫
=

16

d2
bT↵

⌧0,µ
bT⌧0,↵,⌫ +

4

d
⇠⌧0 bT⌧0,µ⌫ +

4

d
�⌧0gµ⌫ . (2.14)

There are some exceptional cases in which the whole expansion (2.12) truncates at low orders.
A few notable examples are:

• When d = 4, a = 1/2 and b = 11, if the matrix T⌧0 admits two independent eigenvalues
{`0, `1}, each of multiplicity 2, it can be shown that the series (2.12) converges to

g⌧,µ⌫ = hµ⌫ = gµ⌫ + (⌧ � ⌧0)


T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

�
. (2.15)

The degeneracy condition on the stress-energy tensor turns out to be satisfied in many
physically relevant examples, such as Abelian gauge theories.

• When d = 4, b = 0, the deforming operator triggers the pure-trace deformation

@SM,⌧

@⌧
=

a

4

Z
d4x

p
�g tr [T⌧ ]

2 , (2.16)

and the first two coefficients of (2.12) are given by

g(1)⌧0,µ⌫
= �atr [T] gµ⌫ , (2.17)

g(2)⌧0,µ⌫
= 0. (2.18)

It can be shown that every other g(n)⌧0,µ⌫ vanishes for n � 2, which implies

g⌧,µ⌫ = hµ⌫ = gµ⌫ � a (⌧ � ⌧0) tr [T] gµ⌫ . (2.19)

3 Ricci-based gravity theories

Over the course of the last century, there has been extensive exploration into minimal ex-
tensions of General Relativity, offering avenues for departing from the conventional Einstein-
Hilbert paradigm, and instigating modifications in gravitational dynamics. Among these
endeavors, a notably auspicious class is represented by the f(R) Palatini theories and their
progeny, the f(Rµ⌫) extensions, also known as Ricci-based gravity theories (RBGs) [68],
which do not require the introduction of additional degrees of freedom with respect to the
standard Einstein-Hilbert General Relativity. In this paper, we consider a gravitational theory
described by the action
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h
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=
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ddx

p
�gLG," (R(�)) . (3.1)
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and the corresponding flow equation is:

Under the change of metric, we have,  for this family  -like operators :TT̄
In this paper, we conjecture that an analogous relation holds for any TT-like deformation
generated by the operator (2.3), or equivalently, that there exists some metric tensor hµ⌫ such
that ⇢

SM[gµ⌫ ,�I ]� (⌧ � ⌧0)

Z
ddx

p
�gO[a,b]

d,⌧0

�����
g=g(h)

= SM,⌧ [hµ⌫ ,�I ] . (2.7)

This claim will be later verified for some specific theories. Throughout the rest of this paper,
we will refer to the correspondence (2.6), along with its higher-dimensional generalization
(2.7), as the TT -like dressing of the bare action SM,⌧ .

2.1 The metric approach

Concerning the existence of the deformed tensor hµ⌫ , it has been shown in [53] that TT-type
operators as defined in (2.3) can be understood as the generators of the metric flow

8
>><

>>:

dg⌧,µ⌫
d⌧

= �
4

d
(atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫) ,

@T⌧,µ⌫

@⌧
=

�2

d
p
�g

@

@gµ⌫

h
p
�g

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2
⌧

⇤⌘i
,

(2.8)

with boundary condition g⌧0,µ⌫ = gµ⌫ . This implies consistency conditions for the specific
structure of hµ⌫ capable of satisfying (2.7), which must be equivalent to the metric tensor
obtained by integrating equation (2.8) for some fixed value of ⌧ . In other words, g⌧,µ⌫ =

hµ⌫ . Exact solutions for the metric flow (2.8) can be derived algorithmically, provided that
the power series expansion of the deformed metric truncates at a certain order. Following
some algebraic manipulations, detailed in [53], it is possible to rewrite (2.8) in terms of total
derivatives of the stress tensor as

8
>><

>>:

dg⌧,µ⌫
d⌧

= �
4

d
bT⌧,µ⌫ ,

d bT⌧,µ⌫

d⌧
=

4

d
bT↵
⌧,µ

bT⌧,↵⌫ + ⇠⌧ bT⌧,µ⌫ + �⌧g⌧,µ⌫ ,

(2.9)

where we introduced the notation

bT⌧,µ⌫ := atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫ , (2.10)

and where ⇠⌧ and �⌧ are scalar functions of the energy-momentum tensor defined as

⇠⌧ =
2

d
(b� da) tr [T⌧ ] , �⌧ =

da� b

d

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2

⌧

⇤⌘
. (2.11)

The idea is then to Taylor expand the metric g⌧,µ⌫ around ⌧ = ⌧0 as

g⌧,µ⌫ =
1X

n=0

g(n)⌧0,µ⌫

n!
(⌧ � ⌧0)

n , g(0)⌧0,µ⌫
= gµ⌫ . (2.12)
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3 Ricci-based gravity theories F

Over the course of the last century, there has been extensive exploration into minimal ex-
tensions of General Relativity, offering avenues for departing from the conventional Einstein-
Hilbert paradigm, and instigating modifications in gravitational dynamics. Among these
endeavors, a notably auspicious class is represented by the f(R) Palatini theories and their
progeny, the f(Rµ⌫) extensions, also known as Ricci-based gravity theories (RBGs) [68],
which do not require the introduction of additional degrees of freedom with respect to the
standard Einstein-Hilbert General Relativity. In this paper, we consider a gravitational theory
described by the action

SG,"

h
gµ⌫ ,�

�

µ⌫

i
=

Z
ddx

p
�gLG," (R(�)) . (3.1)

Notice that SG," has a functional dependence from the connection �: this implicitly signifies
our adherence to a Palatini-like framework, wherein the metric and the connection are treated
as independent dynamical fields, and the Ricci curvature tensor Rµ⌫ is considered a functional
of the connection only. The relation between the metric and the connection is obtained by
setting the latter on-shell, that is by imposing its associated equations of motion. Here

R =
�
gµ↵R(↵⌫)

�
µ,⌫2{0,...,d�1} (3.2)

is the d⇥ d matrix canonically associated to the symmetric part of the Ricci curvature tensor
R(↵⌫), where indices are as usual raised and lowered through the action of the metric tensor.
The fact that only the symmetric part of Rµ⌫ enters the action ensures the stability of the
theory. Since RBGs are generically of second order, in order to get rid of ghost-like dynamical
degrees of freedom it is necessary to impose projective invariance of the action. A projective
transformation of the connection field of the form

��

µ⌫ ! ��

µ⌫ + ⇠µ�
�

⌫ , (3.3)

reflects on the Ricci curvature as

Rµ⌫ ! Rµ⌫ + @µ⇠⌫ � @⌫⇠µ. (3.4)

Consequently, the symmetric part of Rµ⌫ remains unaffected, and so does the gravitational
action SG,".

Also note that in defining the action (3.1) we incorporated an explicit dependence on a
dimensional parameter ", with the convention that ["] = �2 in mass units. This parameter
sets the mass scale of the theory. While refraining from detailing the specific structure of
the gravitational Lagrangian LG,", we require that its infrared limit should converge to the
Einstein-Hilbert action:

LG," =
1

2
tr [R] +O(") = LEH +O("). (3.5)

– 7 –

We consider a gravitational theory described by the action in the Palatini-like framework:

3 Ricci-based gravity theories F

Over the course of the last century, there has been extensive exploration into minimal ex-
tensions of General Relativity, offering avenues for departing from the conventional Einstein-
Hilbert paradigm, and instigating modifications in gravitational dynamics. Among these
endeavors, a notably auspicious class is represented by the f(R) Palatini theories and their
progeny, the f(Rµ⌫) extensions, also known as Ricci-based gravity theories (RBGs) [68],
which do not require the introduction of additional degrees of freedom with respect to the
standard Einstein-Hilbert General Relativity. In this paper, we consider a gravitational theory
described by the action

SG,"

h
gµ⌫ ,�

�

µ⌫

i
=

Z
ddx

p
�gLG," (R(�)) . (3.1)

Notice that SG," has a functional dependence from the connection �: this implicitly signifies
our adherence to a Palatini-like framework, wherein the metric and the connection are treated
as independent dynamical fields, and the Ricci curvature tensor Rµ⌫ is considered a functional
of the connection only. The relation between the metric and the connection is obtained by
setting the latter on-shell, that is by imposing its associated equations of motion. Here

R =
�
gµ↵R(↵⌫)

�
µ,⌫2{0,...,d�1} (3.2)

is the d⇥ d matrix canonically associated to the symmetric part of the Ricci curvature tensor
R(↵⌫), where indices are as usual raised and lowered through the action of the metric tensor.
The fact that only the symmetric part of Rµ⌫ enters the action ensures the stability of the
theory. Since RBGs are generically of second order, in order to get rid of ghost-like dynamical
degrees of freedom it is necessary to impose projective invariance of the action. A projective
transformation of the connection field of the form

��

µ⌫ ! ��

µ⌫ + ⇠µ�
�

⌫ , (3.3)

reflects on the Ricci curvature as

Rµ⌫ ! Rµ⌫ + @µ⇠⌫ � @⌫⇠µ. (3.4)

Consequently, the symmetric part of Rµ⌫ remains unaffected, and so does the gravitational
action SG,".

Also note that in defining the action (3.1) we incorporated an explicit dependence on a
dimensional parameter ", with the convention that ["] = �2 in mass units. This parameter
sets the mass scale of the theory. While refraining from detailing the specific structure of
the gravitational Lagrangian LG,", we require that its infrared limit should converge to the
Einstein-Hilbert action:

LG," =
1

2
tr [R] +O(") = LEH +O("). (3.5)

– 7 –

i.e. the metric and the connection are treated as independent dynamical fields, and the Ricci 
curvature tensor is considered a functional of the connection only. 

symmetric part, invariant under a projective transformation 
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and the first two coefficients of (2.11) are given by

g(1)⌧0,µ⌫
= �atr [T⌧0 ] gµ⌫ , g(2)⌧0,µ⌫

= 0 . (2.18)

It can be shown that every other g(n)⌧0,µ⌫ vanishes for n � 2, which implies

g⌧,µ⌫ = hµ⌫ = gµ⌫ � a (⌧ � ⌧0) tr [T⌧0 ] gµ⌫ . (2.19)

In this case, the bare action is dressed by the trace-squared operator as
⇢
SM[gµ⌫ ,�I ]�

a (⌧ � ⌧0)

4

Z
d4x

p
�g tr [T⌧0 ]

2

�����
g=g(h)

= SM,⌧ [hµ⌫ ,�I ] . (2.20)

3 Ricci-based gravity theories

Over the last century, there has been extensive exploration into minimal extensions of General
Relativity, offering avenues for departing from the conventional Einstein-Hilbert paradigm,
and instigating modifications in gravitational dynamics. Among these endeavours, a notably
auspicious class is represented by the f(R) Palatini theories and their progeny [83], the f(Rµ⌫)

extensions, also known as Ricci-based gravity theories (RBGs) [78], which do not require the
introduction of additional degrees of freedom with respect to the standard Einstein-Hilbert
General Relativity. In this paper, we consider a gravitational theory described by the action2

SG,

h
gµ⌫ ,�

�

µ⌫

i
=

Z
ddx

p
�gLG, (R(�)) . (3.1)

Notice that SG, has a functional dependence from the connection �: this implicitly signifies
our adherence to a Palatini-like framework, wherein the metric and the connection are treated
as independent dynamical fields and the Ricci curvature tensor

Rµ⌫ = @↵�
↵

⌫µ � @⌫�
↵

↵µ + �↵

↵�
��

⌫µ � �↵

⌫�
��

↵µ (3.2)

is considered a functional of the connection only. The relation between the metric and the con-
nection is obtained by setting the latter on-shell, that is, by imposing its associated equations
of motion. Here

R =
�
gµ↵R(↵⌫)

�
µ,⌫2{0,...,d�1} (3.3)

is the d ⇥ d matrix canonically associated with the symmetric part of the Ricci curvature
tensor R(↵⌫), where indices are as usual raised and lowered through the action of the metric
tensor. The fact that only the symmetric part of Rµ⌫ enters the action ensures the stability
of the theory. As shown in [84], even though the field equations of RBGs are, in general, of
second order, to get rid of ghost-like dynamical degrees of freedom it is necessary to impose

2
While the dimension d remains arbitrary, caution is warranted in specific instances. Notably, when d = 2

or d = 3, the theory becomes topological, precluding the possibility of locally coupling matter degrees of

freedom to gravity.

– 7 –



12

The next step involves performing the minimal coupling with matter:

Note that we assume that Γ does not explicitly enter the matter action S: matter fields do not 
directly couple to the connection.

  A scenario which generally holds for bosonic and Abelian gauge fields. →

In the weak-coupling limit, we require:

projective invariance of the action. A projective transformation of the connection field of the
form

��

µ⌫ ! ��

µ⌫ + ⇠µ�
�

⌫ , (3.4)

reflects on the Ricci curvature tensor as

Rµ⌫ ! Rµ⌫ + @µ⇠⌫ � @⌫⇠µ . (3.5)

Consequently, the symmetric part of Rµ⌫ remains unaffected, and so does the gravitational
action SG,.

Also note that in defining the action (3.1) we incorporated an explicit dependence on a
dimensional parameter , with the convention that [] = �2 in mass units. This parameter
sets the mass scale of the theory. While refraining from detailing the specific structure of
the gravitational Lagrangian LG,, we require that its infrared limit should converge to the
Einstein-Hilbert action:3

LG, =
1

2
tr [R]� ⇤+O() = LEH � ⇤+O() , (3.6)

with ⇤ accounting for vacuum energy contributions. This guarantees that the theories of grav-
ity under consideration can be interpreted as higher-order modifications of General Relativity,
wherein the inverse square of the mass scale, , governs the magnitude of these deviations.
The next step involves performing the minimal coupling of (3.1) with matter. This enables
to describe the dynamics of some matter theory SM in the presence of the gravity induced by
SG, as

S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
= SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] . (3.7)

Consistently with our previous approach, we figure – without loss of generality – that SM =

SM,⌧0 represents a TT-deformed theory at the specific point ⌧0. It is crucial to note that in
(3.7) we assumed that the connection ��

µ⌫ does not explicitly enter the matter action SM.
This statement is equivalent to the condition that the hypermomentum must vanish:

�µ⌫

�
:=

�2
p
�g

�SM

���
µ⌫

= 0 . (3.8)

In other words, we are stating that matter fields refrain from direct coupling with the connec-
tion. This scenario generally holds for minimally coupled bosonic and Abelian gauge fields.
Nevertheless, complications may emerge in the context of fermionic matter. For the sake of
clarity, unless explicitly stated otherwise, we shall tacitly assume that all the matter theories
we consider adhere to the condition (3.8).

The classical equations of motion for the theory (3.7) are canonically obtained by per-
forming variations on each independent field. Regarding the metric variation, we notice that,
by assumption, LG, should exclusively depend on g through the matrix R. This allows us to

3
In this paper, we set the reduced Planck mass 8⇡GN = 1.
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ity under consideration can be interpreted as higher-order modifications of General Relativity,
wherein the inverse square of the mass scale, , governs the magnitude of these deviations.
The next step involves performing the minimal coupling of (3.1) with matter. This enables
to describe the dynamics of some matter theory SM in the presence of the gravity induced by
SG, as

S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
= SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] . (3.7)

Consistently with our previous approach, we figure – without loss of generality – that SM =

SM,⌧0 represents a TT-deformed theory at the specific point ⌧0. It is crucial to note that in
(3.7) we assumed that the connection ��

µ⌫ does not explicitly enter the matter action SM.
This statement is equivalent to the condition that the hypermomentum must vanish:

�µ⌫

�
:=

�2
p
�g

�SM

���
µ⌫

= 0 . (3.8)

In other words, we are stating that matter fields refrain from direct coupling with the connec-
tion. This scenario generally holds for minimally coupled bosonic and Abelian gauge fields.
Nevertheless, complications may emerge in the context of fermionic matter. For the sake of
clarity, unless explicitly stated otherwise, we shall tacitly assume that all the matter theories
we consider adhere to the condition (3.8).

The classical equations of motion for the theory (3.7) are canonically obtained by per-
forming variations on each independent field. Regarding the metric variation, we notice that,
by assumption, LG, should exclusively depend on g through the matrix R. This allows us to

3
In this paper, we set the reduced Planck mass 8⇡GN = 1.
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In other words, we are stating that matter fields refrain from direct coupling with the connec-
tion. This scenario generally holds true for bosonic and Abelian gauge fields. Nevertheless,
complications may emerge in the context of fermionic matter. For the sake of clarity, unless
explicitly stated otherwise, we shall tacitly assume that all the matter theories we consider
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The classical equations of motion for the theory (3.6) are canonically obtained by per-
forming variations with respect to each independent field. As far as the metric variation is
concerned, we notice that, by assumption, LG," should exclusively depend on g through the
matrix R. This allows us to trade the metric variation of the gravitational Lagrangian with
its variation with respect to the combination gµ↵R(↵⌫), since

@LG,"

@gµ⌫
=

@LG,"

@g⇢↵R(↵�)

·
@g⇢↵R(↵�)

@gµ⌫
=

@LG,"

@gµ↵R(↵�)

R(⌫�). (3.8)

Hence, requiring �gS" = 0, one obtains

2
@LG,"

@gµ↵R(↵�)

R(⌫�) � LG,"gµ⌫ = T⌧0,µ⌫ , (3.9)

where we introduced the stress-energy tensor of the matter theory

T⌧0,µ⌫ :=
�2
p
�g

�SM

�gµ⌫
. (3.10)

As expected, in the infrared limit, equations (3.9) reduce to Einstein’s field equations. As
emphasized before, considering the connection � as an independent field requires determining
its on-shell value by solving the associated Euler-Lagrange equations. Setting ��S" = 0 and
disregarding boundary contributions, we obtain

��

µ⌫ =
1

2

�
h�1

��↵
(@⌫hµ↵ + @µh↵⌫ � @↵hµ⌫) , (3.11)
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(Not the standard  Einstein field equation!)

trade the metric variation of the gravitational Lagrangian with its variation with respect to
the combination gµ↵R(↵⌫), since
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where we introduced the stress-energy tensor of the matter theory

T⌧0,µ⌫ :=
�2
p
�g

�SM

�gµ⌫
. (3.11)

In vacuum, when T⌧0,µ⌫ = 0, the field equations of RBGs (3.10) coincide with those of General
Relativity [85]. This is a common feature of metric-affine gravity theories, where modifications
to the gravitational sector emerge only in the presence of matter fields. The universality
of this outcome ultimately stems from the covariance of the field equations, which dictates
that – in vacuum – the Ricci tensor must be proportional to the metric. An additional
perspective on this broad result arises from recognising that General Relativity stands as
the unique Lorentz invariant and unitary theory governing a self-interacting, massless spin-2
field, commonly referred to as the graviton. Thus, if by gravity we mean a theory for such
a particle, we will inevitably find General Relativity in vacuum [67]. As emphasised before,
considering the connection � as an independent field requires determining its on-shell value by
solving the associated Euler-Lagrange equations. Setting ��S = 0 and disregarding boundary
contributions, we obtain4

��

µ⌫ =
1

2

�
h�1

��↵
(@⌫hµ↵ + @µh↵⌫ � @↵hµ⌫) , (3.12)

where we introduced the auxiliary metric tensor hµ⌫ , defined by its inverse
�
h�1

�
µ⌫ as

1

2

p
�h

�
h�1

�µ⌫
:=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

, h := det [hµ⌫ ] , (3.13)

with
�
h�1

�
µ↵

h↵⌫ = �µ⌫ . Notice that, by construction, hµ⌫ is symmetric. Moreover, for suffi-
ciently small values of , it naturally converges to the metric gµ⌫ , as one can verify from (3.6).
Equation (3.12) simply states that the auxiliary metric hµ⌫ is such that the connection must
be h-compatible.

4
From this point onward, multiple metric tensors will be entering the game. To mitigate confusion, we will

keep implicitly raising and lowering indices with g only, so that – for example – the matrix M associated to

the tensor Mµ⌫ will always be defined as (gµ↵Mµ⌫)µ,⌫2{0,...,d�1}. The same goes for traces, so that tr[M] will

stand for gµ⌫Mµ⌫ , and so on. Conversely, the inverse of h will be explicitly denoted as h�1
, and, when raising

(or lowering) indices with it, the auxiliary metric will manifestly appear, as in
�
h�1

�µ↵
M↵⌫ .
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This guarantees that the theories of gravity under consideration can be interpreted as higher-
order modifications of General Relativity, wherein the inverse square of the mass scale, ",
governs the magnitude of these deviations. The next step involves performing the minimal
coupling of (3.1) with matter. This enables to describe the dynamics of some matter theory
SM in the presence of the gravity induced by SG," as

S"

h
gµ⌫ ,�

�

µ⌫ ,�I

i
= SG,"

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] . (3.6)

Consistently with our previous approach, we figure – without loss of generality – that SM =

SM,⌧0 represents a TT-deformed theory at the specific point ⌧0. It is crucial to note that in
(3.6) we presume that the connection ��

µ⌫ does not explicitly enter the matter action SM. This
statement is equivalent to the condition that the hypermomentum must vanish:

�µ⌫

�
:=

�SM

���
µ⌫

= 0. (3.7)

In other words, we are stating that matter fields refrain from direct coupling with the connec-
tion. This scenario generally holds true for bosonic and Abelian gauge fields. Nevertheless,
complications may emerge in the context of fermionic matter. For the sake of clarity, unless
explicitly stated otherwise, we shall tacitly assume that all the matter theories we consider
adhere to the condition (3.7).

The classical equations of motion for the theory (3.6) are canonically obtained by per-
forming variations with respect to each independent field. As far as the metric variation is
concerned, we notice that, by assumption, LG," should exclusively depend on g through the
matrix R. This allows us to trade the metric variation of the gravitational Lagrangian with
its variation with respect to the combination gµ↵R(↵⌫), since

@LG,"

@gµ⌫
=

@LG,"

@g⇢↵R(↵�)

·
@g⇢↵R(↵�)

@gµ⌫
=

@LG,"

@gµ↵R(↵�)

R(⌫�). (3.8)

Hence, requiring �gS" = 0, one obtains

2
@LG,"

@gµ↵R(↵�)

R(⌫�) � LG,"gµ⌫ = T⌧0,µ⌫ , (3.9)

where we introduced the stress-energy tensor of the matter theory

T⌧0,µ⌫ :=
�2
p
�g

�SM

�gµ⌫
. (3.10)

As expected, in the infrared limit, equations (3.9) reduce to Einstein’s field equations. As
emphasized before, considering the connection � as an independent field requires determining
its on-shell value by solving the associated Euler-Lagrange equations. Setting ��S" = 0 and
disregarding boundary contributions, we obtain

��

µ⌫ =
1

2

�
h�1

��↵
(@⌫hµ↵ + @µh↵⌫ � @↵hµ⌫) , (3.11)
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where we introduced the auxiliary metric tensor hµ⌫ defined by its inverse

�
h�1

�
µ⌫ as

1

2

p
�h

�
h�1

�µ⌫
:=

p
�ggµ↵

@LG

@gµ↵R(↵⌫)

, h := det [hµ⌫ ] . (3.12)

Equation (3.11) simply states that the auxiliary metric hµ⌫ is such that the connection must
be h-compatible.

3.1 The Jordan frame and the Einstein frame F
It has been demonstrated [66, 68, 73] that Ricci-based gravity theories such as (3.6) can be
recast into general-relativistic ones, provided we introduce modified couplings in the matter
sector of the full action. To achieve such a result, we define the auxiliary gravitational action

bSG,"

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
=

Z
ddx

p
�g

⇢
LG," (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,"

@Hµ
⌫

�
, (3.13)

and we couple it to the same matter content introduced in the previous section:

bS"

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫ ,�I

i
= bSG,"

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
+ SM [gµ⌫ ,�I ] . (3.14)

Importantly, this theory depends on the additional field H, that will prove crucial in establish-
ing a dynamical equivalence between S" and the auxiliary action bS". Performing the variation
of (3.14) with respect to the matrix field H, we have

�H bS" =

Z
ddx

p
�g

(
@LG,"

@H↵

�

+
�
gµ⇢R(⇢⌫) �Hµ

⌫

� @2
LG

@Hµ
⌫ @H↵

�

�
@LG,"

@H↵

�

)
�H↵

�
, (3.15)

which constrains the on-shell value of H to

H
? = R, (3.16)

provided that the second derivative of LG," in (3.15) does not vanish. If we substitute (3.16)
back into (3.14), we observe that

bS"

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S"

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.17)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS" can be recast into a more familiar structure by rearranging its terms
as follows:

bSG," =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG," �Hµ

⌫

@LG,"

@Hµ
⌫

◆
. (3.18)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@Hµ
⌫

. (3.19)
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subtleties of these theories, let us briefly review how in practice the Palatini formalism works.
For this purpose, we focus on the Einstein-Hilbert action:4,5

SEH

[
gµν ,Γ

λ
µν

]
=

1

2

∫
ddx

√
−g tr [R(Γ)] . (4.1)

Notice that the action (4.1) has a functional dependence from the connection Γ: this tacitly
denotes our commitment to the Palatini framework. Herein, both the metric and the connection
are regarded as independent dynamical fields, and the Ricci curvature tensor

Rµν = ∂αΓ
α
νµ − ∂νΓ

α
αµ + Γα

αβΓ
β
νµ − Γα

νβΓ
β
αµ (4.2)

is considered as a functional of the connection only. Here

R =
(
gµαR(αν)

)
µ,ν∈{0,...,d−1}

(4.3)

is the d× d matrix canonically associated with the symmetric part of the Ricci curvature tensor
R(µν), where indices are as usual raised and lowered through the action of the metric tensor.
The fact that only the symmetric part of Rµν enters the action might seem inconsequential at
present, but its significance will unveil in due course, as it will guarantee the stability of more
complicated theories. Being gµν and Γλ

µν two independent objects, the equations of motion for
the theory (4.1) are obtained by extremising the action with respect to both the metric and the
connection. The variation of SEH with respect to gµν yields

R(µν)(Γ)−
1

2
tr[R(Γ)]gµν = 0 , (4.4)

while – disregarding boundary contributions – the variation with respect to Γλ
µν gives us

Γλ
µν =

1

2
gλα (∂νgµα + ∂µgαν − ∂αgµν) . (4.5)

Equations (4.4) are nothing more than Einstein’s vacuum field equations, albeit with the Ricci
curvature depending upon the Palatini connection. But there is a catch: equation (4.5) tells us
that, when on-shell, Γλ

µν is the usual Levi-Civita connection from General Relativity. At least
when in vacuum, the dynamics of the Palatini-Einstein-Hilbert action (4.1) yields the same as
the one described by General Relativity. In other words, they are dynamically equivalent. What
happens when we add matter to our theory? For our purpose, it is handy to consider a matter
theory SM = SM,τ0 as being the seed theory associated with some TT-like flow, as the ones
described in the previous sections. Assuming that matter minimally couples with gravity, we
write down the full theory as

S
[
gµν ,Γ

λ
µν ,ΦI

]
= SEH

[
gµν ,Γ

λ
µν

]
+ SM [gµν ,ΦI ] . (4.6)

4In this paper, we set the reduced Planck mass 8πGN = 1.
5While the dimension d remains arbitrary, caution is warranted in specific instances. Notably, when d = 2 or

d = 3, the theory becomes topological, precluding the possibility of locally coupling matter degrees of freedom to
gravity.
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[Olmo-Rubiera Garcia-Sanchis Alepuz (2013), Olmo-Rubiera Garcia (2022),  Delsate-Steinhoff 
(2013), Delhom-Olmo-Orazi (2015)]

It has been demonstrated that Ricci-based gravity theories can be recast into GR ones, provided 
we introduce modified couplings in the matter sector of the full action. 

To achieve such a result, we define the auxiliary gravitational action 

Then the total action is

Hence, requiring �gS = 0, one obtains

2
@LG,

@gµ↵R(↵�)

R(�⌫) � LG,gµ⌫ = T⌧0,µ⌫ , (3.10)

where we introduced the stress-energy tensor of the matter theory

T⌧0,µ⌫ :=
�2
p
�g

�SM

�gµ⌫
. (3.11)

In vacuum, when T⌧0,µ⌫ = 0, the field equations of RBGs (3.10) coincide with those of General
Relativity [85]. This is a common feature of metric-affine gravity theories, where modifications
to the gravitational sector are contingent upon the presence of matter fields. The universality
of this outcome ultimately stems from the covariance of the field equations, which dictates
that – in vacuum – the Ricci tensor must be proportional to the metric. An additional
perspective on this broad result arises from recognizing that General Relativity stands as the
unique Lorentz invariant and unitary theory governing a self-interacting, massless spin-2 field,
commonly referred to as the graviton. Thus, if by gravity we understand a theory for such
a particle, we will inevitably find General Relativity in vacuum [67]. As emphasised before,
considering the connection � as an independent field requires determining its on-shell value by
solving the associated Euler-Lagrange equations. Setting ��S = 0 and disregarding boundary
contributions, we obtain4

��

µ⌫ =
1

2

�
h�1

��↵
(@⌫hµ↵ + @µh↵⌫ � @↵hµ⌫) , (3.12)

where we introduced the auxiliary metric tensor hµ⌫ , defined by its inverse
�
h�1

�
µ⌫ as

1

2

p
�h

�
h�1

�µ⌫
:=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

, h := det [hµ⌫ ] , (3.13)

with
�
h�1

�
µ↵

h↵⌫ = �µ⌫ . Notice that, by construction, hµ⌫ is symmetric. Moreover, for suffi-
ciently small values of , it naturally converges to the metric gµ⌫ , as one can verify from (3.6).
Equation (3.12) simply states that the auxiliary metric hµ⌫ is such that the connection must
be h-compatible.

3.1 The RBG frame and the Einstein frame

It has been demonstrated [76, 78, 86] that Ricci-based gravity theories such as (3.7) can be
recast into General Relativity, provided we introduce modified couplings in the matter sector
of the full action. To achieve such a result, we define the auxiliary gravitational action

bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
=

Z
ddx

p
�g

⇢
LG, (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,

@Hµ
⌫

�
, (3.14)

4
From this point onward, multiple metric tensors will be entering the game. To mitigate confusion, we will

keep implicitly raising and lowering indices with g only, so that – for example – the matrix M associated to

the tensor Mµ⌫ will always be defined as (gµ↵Mµ⌫)µ,⌫2{0,...,d�1}. The same goes for traces, so that tr[M] will

stand for gµ⌫Mµ⌫ , and so on. Conversely, the inverse of h will be explicitly denoted as h�1
, and, when raising

(or lowering) indices with it, the auxiliary metric will manifestly appear, as in
�
h�1

�µ↵
M↵⌫ .
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3.1 The RBG frame and the Einstein frame

It has been demonstrated [76, 78, 86] that Ricci-based gravity theories such as (3.7) can be
recast into General Relativity, provided we introduce modified couplings in the matter sector
of the full action. To achieve such a result, we define the auxiliary gravitational action

bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
=

Z
ddx

p
�g

⇢
LG, (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,

@Hµ
⌫

�
, (3.14)

and we couple it to the same matter content introduced in the previous section:

bS

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫ ,�I

i
= bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
+ SM [gµ⌫ ,�I ] . (3.15)

Importantly, this theory depends on the additional field H, which will prove crucial in es-
tablishing a dynamical equivalence between S and the auxiliary action bS. Performing the
variation of (3.15) with respect to the matrix field H, we have

�H bS =

Z
ddx

p
�g

(
@LG,

@H↵

�

+
�
gµ⇢R(⇢⌫) �Hµ

⌫

� @2
LG

@Hµ
⌫ @H↵

�

�
@LG,

@H↵

�

)
�H↵

�
, (3.16)

which constrains the on-shell value of H to

H
? = R , (3.17)

provided that the second derivative of LG, in (3.16) does not vanish. If we substitute (3.17)
back into (3.15), we observe that,

bS

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.18)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS can be recast into a more familiar structure by rearranging its terms
as follows:

bSG, =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
. (3.19)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@H↵
⌫

. (3.20)

The resemblance to (3.13) is not unintended: once we integrate out the field H, thus ensuring
that bS ' S, the value of hµ⌫ will be defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

. (3.21)

This quite elementary observation bears a profound meaning. The dynamical equivalence of
bS and S is manifested on configurations of H satisfying the equations of motion (3.17).
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ddx
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which constrains the on-shell value of H to

H
? = R , (3.17)

provided that the second derivative of LG, in (3.16) does not vanish. If we substitute (3.17)
back into (3.15), we observe that,

bS

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.18)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS can be recast into a more familiar structure by rearranging its terms
as follows:

bSG, =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
. (3.19)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@H↵
⌫

. (3.20)

The resemblance to (3.13) is not unintended: once we integrate out the field H, thus ensuring
that bS ' S, the value of hµ⌫ will be defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

. (3.21)

This quite elementary observation bears a profound meaning. The dynamical equivalence of
bS and S is manifested on configurations of H satisfying the equations of motion (3.17).
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where we introduced the auxiliary metric tensor hµ⌫ defined by its inverse
�
h�1

�
µ⌫ as

1

2

p
�h

�
h�1

�µ⌫
:=

p
�ggµ↵

@LG

@gµ↵R(↵⌫)

, h := det [hµ⌫ ] . (3.12)

Equation (3.11) simply states that the auxiliary metric hµ⌫ is such that the connection must
be h-compatible.

3.1 The Jordan frame and the Einstein frame F
It has been demonstrated [66, 68, 73] that Ricci-based gravity theories such as (3.6) can be
recast into general-relativistic ones, provided we introduce modified couplings in the matter
sector of the full action. To achieve such a result, we define the auxiliary gravitational action

bSG,"

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
=

Z
ddx

p
�g

⇢
LG," (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,"

@Hµ
⌫

�
, (3.13)

and we couple it to the same matter content introduced in the previous section:

bS"

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫ ,�I

i
= bSG,"

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
+ SM [gµ⌫ ,�I ] . (3.14)

Importantly, this theory depends on the additional field H, that will prove crucial in establish-
ing a dynamical equivalence between S" and the auxiliary action bS". Performing the variation
of (3.14) with respect to the matrix field H, we have

�H bS" =

Z
ddx

p
�g

(
@LG,"

@H↵

�

+
�
gµ⇢R(⇢⌫) �Hµ

⌫

� @2
LG

@Hµ
⌫ @H↵

�

�
@LG,"

@H↵

�

)
�H↵

�
, (3.15)

which constrains the on-shell value of H to

H
? = R, (3.16)

provided that the second derivative of LG," in (3.15) does not vanish. If we substitute (3.16)
back into (3.14), we observe that

bS"

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S"

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.17)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS" can be recast into a more familiar structure by rearranging its terms
as follows:

bSG," =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG," �Hµ

⌫

@LG,"

@Hµ
⌫

◆
. (3.18)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@Hµ
⌫

. (3.19)
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Performing the variation  with respect to the matrix field H, we have 

Therefore, we have the dynamical equivalence:

3.1 The RBG frame and the Einstein frame

It has been demonstrated [76, 78, 86] that Ricci-based gravity theories such as (3.7) can be
recast into General Relativity, provided we introduce modified couplings in the matter sector
of the full action. To achieve such a result, we define the auxiliary gravitational action
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⌫

i
=

Z
ddx

p
�g
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LG, (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,

@Hµ
⌫

�
, (3.14)

and we couple it to the same matter content introduced in the previous section:
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⌫

i
+ SM [gµ⌫ ,�I ] . (3.15)

Importantly, this theory depends on the additional field H, which will prove crucial in es-
tablishing a dynamical equivalence between S and the auxiliary action bS. Performing the
variation of (3.15) with respect to the matrix field H, we have

�H bS =

Z
ddx

p
�g

(
@LG,

@H↵

�

+
�
gµ⇢R(⇢⌫) �Hµ

⌫

� @2
LG

@Hµ
⌫ @H↵

�

�
@LG,

@H↵

�

)
�H↵

�
, (3.16)

which constrains the on-shell value of H to

H
? = R , (3.17)

provided that the second derivative of LG, in (3.16) does not vanish. If we substitute (3.17)
back into (3.15), we observe that,

bS

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.18)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS can be recast into a more familiar structure by rearranging its terms
as follows:

bSG, =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
. (3.19)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@H↵
⌫

. (3.20)

The resemblance to (3.13) is not unintended: once we integrate out the field H, thus ensuring
that bS ' S, the value of hµ⌫ will be defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

. (3.21)

This quite elementary observation bears a profound meaning. The dynamical equivalence of
bS and S is manifested on configurations of H satisfying the equations of motion (3.17).
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At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
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The resemblance to (3.13) is not unintended: once we integrate out the field H, thus ensuring
that bS ' S, the value of hµ⌫ will be defined by
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This quite elementary observation bears a profound meaning. The dynamical equivalence of
bS and S is manifested on configurations of H satisfying the equations of motion (3.17).
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The gravitational sector can be recast into the more familiar form: 

Introducing  another auxiliary metric tensor h: 

on-shell !
We can finally write:

where we defined a new matter action                   which incorporates the residual H-dependence 

The resemblance to (3.12) is not unintended: in fact, once we integrate out the field H, thus
ensuring that bS" ' S", the value of hµ⌫ will be defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,"

@gµ↵R(↵⌫)

. (3.20)

This quite elementary observation bears a profound meaning. The dynamical equivalence
of Ŝ" and S" is manifested on configurations of H satisfying the equations of motion (3.16).
Intriguingly, it so happens that these configurations are such that the auxiliary tensor hµ⌫
automatically meets the compatibility conditions for the connection. On the other hand,
the introduction of hµ⌫ as a new metric allows to isolate in equation (3.18) the standard
Einstein-Hilbert action with respect to hµ⌫ , and we can finally rewrite (3.14) as

bS" =
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) +

Z
ddx

p
�g

✓
LG �Hµ

⌫

@LG

@Hµ
⌫

◆
+ SM [gµ⌫ ,�I ]

=
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) + SM,⌧0+" [gµ⌫ , H

µ

⌫ ,�I ] ,

(3.21)

where we defined a new matter action SM,⌧0+" which incorporates the residual H-dependence.
In principle, the modified matter action can be rewritten in terms of hµ⌫ and �I alone, by
solving the definition (3.19) for gµ⌫ . This means that the dynamics of a matter theory SM

minimally coupled to Ricci-based gravity is equivalent to that of a deformed matter theory
SM,⌧0+" minimally coupled to standard general relativity. Explicitly defining

T⌧0+",µ⌫ :=
�2
p
�h

�SM,⌧0+"

�hµ⌫
, (3.22)

the equations of motion resulting from the variation of (3.21) with respect to h can be ex-
pressed as:

R(µ⌫) �
1

2
h↵�R(↵�)hµ⌫ = T⌧0+",µ⌫ . (3.23)

Since (3.23) are simply Einstein’s field equations in the Palatini formalism, formulated in
terms of the auxiliary metric tensor hµ⌫ , we shall henceforth designate bS" as the Einstein
frame action, while denoting S" as the Jordan frame action. The relation between the matter
actions SM and SM,⌧0+" can be expressed in terms of their associated Lagrangian densities LM

and LM,⌧0+" as:

p
�g

✓
LG," �Hµ

⌫

@LG,"

@Hµ
⌫

◆
+

p
�gLM (gµ⌫ ,�I) =

p
�hLM,⌧0+" (hµ⌫ ,�I) . (3.24)

Recapitulating, the integration of H in bS" automatically enforces the metric compatibil-
ity condition, while simultaneously ensuring bS" ' S". As a consequence, we can write the
dynamical equivalence

SG,"

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] ' SEH

h
hµ⌫ ,�

�

µ⌫

i
+ SM,⌧0+" [hµ⌫ ,�I ] , (3.25)
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The resemblance to (3.12) is not unintended: in fact, once we integrate out the field H, thus
ensuring that bS ' S, the value of hµ⌫ will be defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,

@g⇢↵R(⇢⌫)

. (3.20)

This quite elementary observation bears a profound meaning. The dynamical equivalence
of bS and S is manifested on configurations of H satisfying the equations of motion (3.16).
Intriguingly, it so happens that these configurations are such that the auxiliary tensor hµ⌫
automatically meets the compatibility conditions for the connection. On the other hand,
the introduction of hµ⌫ as a new metric allows to isolate in equation (3.18) the standard
Einstein-Hilbert action with respect to hµ⌫ , and we can finally rewrite (3.14) as

bS =
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) +

Z
ddx

p
�g

✓
LG �Hµ

⌫

@LG

@Hµ
⌫

◆
+ SM [gµ⌫ ,�I ]

=
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) + SM,⌧0+ [gµ⌫ , H

µ

⌫ ,�I ] ,

(3.21)

where we defined a new matter action SM,⌧0+ which incorporates the residual H-dependence.
In principle, the modified matter action can be rewritten in terms of hµ⌫ and �I alone, by
solving the definition (3.19) for gµ⌫ . This means that the dynamics of a matter theory SM

minimally coupled to Ricci-based gravity is equivalent to that of a deformed matter theory
SM,⌧0+ minimally coupled to standard general relativity. Explicitly defining

T⌧0+,µ⌫ :=
�2
p
�h

�SM,⌧0+

�hµ⌫
, (3.22)

the equations of motion resulting from the variation of (3.21) with respect to h can be ex-
pressed as:

R(µ⌫) �
1

2
h↵�R(↵�)hµ⌫ = T⌧0+,µ⌫ . (3.23)

Since (3.23) are simply Einstein’s field equations in the Palatini formalism, formulated in
terms of the auxiliary metric tensor hµ⌫ , we shall henceforth designate bS as the Einstein
frame action, while denoting S as the Jordan frame action. The relation between the matter
actions SM and SM,⌧0+ can be expressed in terms of their associated Lagrangian densities
LM and LM,⌧0+ as:

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
+
p
�gLM (gµ⌫ ,�I) =

p
�hLM,⌧0+ (hµ⌫ ,�I) . (3.24)

Recapitulating, the integration of H in bS automatically enforces the metric compatibility
condition, while simultaneously ensuring bS ' S. As a consequence, we can write the
dynamical equivalence

SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] ' SEH

h
hµ⌫ ,�

�

µ⌫

i
+ SM,⌧0+ [hµ⌫ ,�I ] , (3.25)
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where we introduced the auxiliary metric tensor hµ⌫ defined by its inverse
�
h�1

�
µ⌫ as

1

2

p
�h

�
h�1

�µ⌫
:=

p
�ggµ↵

@LG,

@gµ↵R(↵⌫)

, h := det [hµ⌫ ] . (3.12)

Equation (3.11) simply states that the auxiliary metric hµ⌫ is such that the connection must
be h-compatible.

3.1 The Jordan frame and the Einstein frame

It has been demonstrated [66, 68, 74] that Ricci-based gravity theories such as (3.6) can be
recast into General Relativity, provided we introduce modified couplings in the matter sector
of the full action. To achieve such a result, we define the auxiliary gravitational action

bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
=

Z
ddx

p
�g

⇢
LG, (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,

@Hµ
⌫

�
, (3.13)

and we couple it to the same matter content introduced in the previous section:

bS

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫ ,�I

i
= bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
+ SM [gµ⌫ ,�I ] . (3.14)

Importantly, this theory depends on the additional field H, that will prove crucial in establish-
ing a dynamical equivalence between S and the auxiliary action bS. Performing the variation
of (3.14) with respect to the matrix field H, we have

�H bS =

Z
ddx

p
�g

(
@LG,

@H↵

�

+
�
gµ⇢R(⇢⌫) �Hµ

⌫

� @2
LG

@Hµ
⌫ @H↵

�

�
@LG,

@H↵

�

)
�H↵

�
, (3.15)

which constrains the on-shell value of H to

H
? = R , (3.16)

provided that the second derivative of LG, in (3.15) does not vanish. If we substitute (3.16)
back into (3.14), we observe that

bS

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.17)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS can be recast into a more familiar structure by rearranging its terms
as follows:

bSG, =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
. (3.18)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@H↵
⌫

. (3.19)
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3.1 The RBG frame and the Einstein frame

It has been demonstrated [76, 78, 86] that Ricci-based gravity theories such as (3.7) can be
recast into General Relativity, provided we introduce modified couplings in the matter sector
of the full action. To achieve such a result, we define the auxiliary gravitational action

bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
=

Z
ddx

p
�g

⇢
LG, (H) +

�
gµ↵R(↵⌫) �Hµ

⌫

� @LG,

@Hµ
⌫

�
, (3.14)

and we couple it to the same matter content introduced in the previous section:

bS

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫ ,�I

i
= bSG,

h
gµ⌫ ,�

�

µ⌫ , H
µ

⌫

i
+ SM [gµ⌫ ,�I ] . (3.15)

Importantly, this theory depends on the additional field H, which will prove crucial in es-
tablishing a dynamical equivalence between S and the auxiliary action bS. Performing the
variation of (3.15) with respect to the matrix field H, we have

�H bS =

Z
ddx

p
�g

(
@LG,

@H↵

�

+
�
gµ⇢R(⇢⌫) �Hµ

⌫

� @2
LG

@Hµ
⌫ @H↵

�

�
@LG,

@H↵

�

)
�H↵

�
, (3.16)

which constrains the on-shell value of H to

H
? = R , (3.17)

provided that the second derivative of LG, in (3.16) does not vanish. If we substitute (3.17)
back into (3.15), we observe that,

bS

h
gµ⌫ ,�

�

µ⌫ , (H
?)µ

⌫
,�I

i
' S

h
gµ⌫ ,�

�

µ⌫ ,�I

i
, (3.18)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the
gravitational sector of bS can be recast into a more familiar structure by rearranging its terms
as follows:

bSG, =

Z
ddx

p
�g gµ↵R(↵⌫)

@LG

@Hµ
⌫

+

Z
ddx

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
. (3.19)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call
hµ⌫ , defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG

@H↵
⌫

. (3.20)

The resemblance to (3.13) is not unintended: once we integrate out the field H, thus ensuring
that bS ' S, the value of hµ⌫ will be defined by

1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

. (3.21)

This quite elementary observation bears a profound meaning. The dynamical equivalence of
bS and S is manifested on configurations of H satisfying the equations of motion (3.17).
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Intriguingly, it so happens that these configurations are such that the auxiliary tensor hµ⌫
automatically meets the compatibility conditions for the connection. On the other hand, the
introduction of hµ⌫ as a new metric allows isolating in equation (3.19) the standard Einstein-
Hilbert action with respect to hµ⌫ , and we can finally rewrite (3.15) as

bS =
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) +

Z
ddx

p
�g

✓
LG �Hµ

⌫

@LG

@Hµ
⌫

◆
+ SM [gµ⌫ ,�I ]

=
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) + SM,⌧0+ [gµ⌫ , H

µ

⌫ ,�I ] ,

(3.22)

where we defined a new matter action SM,⌧0+ which incorporates the residual H-dependence.
In principle, the modified matter action can be rewritten in terms of hµ⌫ and �I alone, by
solving the definition (3.20) for gµ⌫ . This means that the dynamics of a matter theory SM

minimally coupled to Ricci-based gravity is equivalent to that of a deformed matter theory
SM,⌧0+ minimally coupled to standard general relativity. Explicitly defining

T⌧0+,µ⌫ :=
�2
p
�h

�SM,⌧0+

�hµ⌫
, (3.23)

the equations of motion resulting from the variation of (3.22) with respect to h can be ex-
pressed as:

R(µ⌫) �
1

2

�
h�1

�↵�
R(↵�)hµ⌫ = T⌧0+,µ⌫ . (3.24)

As expected, the expression in (3.24) corresponds to the Einstein field equations formulated
in terms of the auxiliary metric tensor hµ⌫ . We shall henceforth designate bS – defined by the
new metric h and leading to the familiar Einstein equations – as the Einstein frame action,
while denoting S – defined by the original metric g – as the RBG frame action. In f (R)

theories, which are realised when the gravitational Lagrangian LG,⌧ is a function of tr [R] only,
the geometries of the two frames are conformally related [87]. There is a close analogy between
the above discussion and the existence of two frames in scalar-tensor theories of gravity, which
we discuss in Appendix A. In the broader framework of RBGs, the connection equation can
still be solved in terms of an auxiliary geometry which, nonetheless, is not conformal in general,
but disformal [88]. The relation between the matter actions SM and SM,⌧0+ can be expressed
in terms of their associated Lagrangian densities LM and LM,⌧0+ as:

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
+
p
�gLM (gµ⌫ ,�I) =

p
�hLM,⌧0+ (hµ⌫ ,�I) . (3.25)

Recapitulating, the integration of H in bS automatically enforces the metric compatibility
condition, while simultaneously ensuring bS ' S. As a consequence, we can write the
dynamical equivalence

SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] ' SEH

h
hµ⌫ ,�

�

µ⌫

i
+ SM,⌧0+ [hµ⌫ ,�I ] , (3.26)
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Defining:

The equations of motion are:

and, setting   , the  new Lagrangian for the matter is:H* = R

That should be compared with: Can we find a match, with  ?κ ∝ (τ − τ0)In this paper, we conjecture that an analogous relation holds for any TT-like deformation
generated by the operator (2.3), or equivalently, that there exists some metric tensor hµ⌫ such
that ⇢

SM[gµ⌫ ,�I ]� (⌧ � ⌧0)

Z
ddx

p
�gO[a,b]

d,⌧0

�����
g=g(h)

= SM,⌧ [hµ⌫ ,�I ] . (2.7)

This claim will be later verified for some specific theories. Throughout the rest of this paper,
we will refer to the correspondence (2.6), along with its higher-dimensional generalization
(2.7), as the TT -like dressing of the bare action SM,⌧ .

2.1 The metric approach

Concerning the existence of the deformed tensor hµ⌫ , it has been shown in [53] that TT-type
operators as defined in (2.3) can be understood as the generators of the metric flow

8
>><

>>:

dg⌧,µ⌫
d⌧

= �
4

d
(atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫) ,

@T⌧,µ⌫

@⌧
=

�2

d
p
�g

@

@gµ⌫

h
p
�g

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2
⌧

⇤⌘i
,

(2.8)

with boundary condition g⌧0,µ⌫ = gµ⌫ . This implies consistency conditions for the specific
structure of hµ⌫ capable of satisfying (2.7), which must be equivalent to the metric tensor
obtained by integrating equation (2.8) for some fixed value of ⌧ . In other words, g⌧,µ⌫ =

hµ⌫ . Exact solutions for the metric flow (2.8) can be derived algorithmically, provided that
the power series expansion of the deformed metric truncates at a certain order. Following
some algebraic manipulations, detailed in [53], it is possible to rewrite (2.8) in terms of total
derivatives of the stress tensor as

8
>><

>>:

dg⌧,µ⌫
d⌧

= �
4

d
bT⌧,µ⌫ ,

d bT⌧,µ⌫

d⌧
=

4

d
bT↵
⌧,µ

bT⌧,↵⌫ + ⇠⌧ bT⌧,µ⌫ + �⌧g⌧,µ⌫ ,

(2.9)

where we introduced the notation

bT⌧,µ⌫ := atr [T⌧ ] g⌧,µ⌫ � b T⌧,µ⌫ , (2.10)

and where ⇠⌧ and �⌧ are scalar functions of the energy-momentum tensor defined as

⇠⌧ =
2

d
(b� da) tr [T⌧ ] , �⌧ =

da� b

d

⇣
atr [T⌧ ]

2
� b tr

⇥
T

2

⌧

⇤⌘
. (2.11)

The idea is then to Taylor expand the metric g⌧,µ⌫ around ⌧ = ⌧0 as

g⌧,µ⌫ =
1X

n=0

g(n)⌧0,µ⌫

n!
(⌧ � ⌧0)

n , g(0)⌧0,µ⌫
= gµ⌫ . (2.12)
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Intriguingly, it so happens that these configurations are such that the auxiliary tensor hµ⌫
automatically meets the compatibility conditions for the connection. On the other hand, the
introduction of hµ⌫ as a new metric allows isolating in equation (3.19) the standard Einstein-
Hilbert action with respect to hµ⌫ , and we can finally rewrite (3.15) as

bS =
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) +

Z
ddx

p
�g

✓
LG �Hµ

⌫

@LG

@Hµ
⌫

◆
+ SM [gµ⌫ ,�I ]

=
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) + SM,⌧0+ [gµ⌫ , H

µ

⌫ ,�I ] ,

(3.22)

where we defined a new matter action SM,⌧0+ which incorporates the residual H-dependence.
In principle, the modified matter action can be rewritten in terms of hµ⌫ and �I alone, by
solving the definition (3.20) for gµ⌫ . This means that the dynamics of a matter theory SM

minimally coupled to Ricci-based gravity is equivalent to that of a deformed matter theory
SM,⌧0+ minimally coupled to standard general relativity. Explicitly defining

T⌧0+,µ⌫ :=
�2
p
�h

�SM,⌧0+

�hµ⌫
, (3.23)

the equations of motion resulting from the variation of (3.22) with respect to h can be ex-
pressed as:

R(µ⌫) �
1

2

�
h�1

�↵�
R(↵�)hµ⌫ = T⌧0+,µ⌫ . (3.24)

As expected, the expression in (3.24) corresponds to the Einstein field equations formulated
in terms of the auxiliary metric tensor hµ⌫ . We shall henceforth designate bS – defined by the
new metric h and leading to the familiar Einstein equations – as the Einstein frame action,
while denoting S – defined by the original metric g – as the RBG frame action. In f (R)

theories, which are realised when the gravitational Lagrangian LG,⌧ is a function of tr [R] only,
the geometries of the two frames are conformally related [87]. There is a close analogy between
the above discussion and the existence of two frames in scalar-tensor theories of gravity, which
we discuss in Appendix A. In the broader framework of RBGs, the connection equation can
still be solved in terms of an auxiliary geometry which, nonetheless, is not conformal in general,
but disformal [88]. The relation between the matter actions SM and SM,⌧0+ can be expressed
in terms of their associated Lagrangian densities LM and LM,⌧0+ as:

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
+
p
�gLM (gµ⌫ ,�I) =

p
�hLM,⌧0+ (hµ⌫ ,�I) . (3.25)

Recapitulating, the integration of H in bS automatically enforces the metric compatibility
condition, while simultaneously ensuring bS ' S. As a consequence, we can write the
dynamical equivalence

SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] ' SEH

h
hµ⌫ ,�

�

µ⌫

i
+ SM,⌧0+ [hµ⌫ ,�I ] , (3.26)
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Intriguingly, it so happens that these configurations are such that the auxiliary tensor hµ⌫
automatically meets the compatibility conditions for the connection. On the other hand, the
introduction of hµ⌫ as a new metric allows isolating in equation (3.19) the standard Einstein-
Hilbert action with respect to hµ⌫ , and we can finally rewrite (3.15) as

bS =
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) +

Z
ddx

p
�g

✓
LG �Hµ

⌫

@LG

@Hµ
⌫

◆
+ SM [gµ⌫ ,�I ]

=
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) + SM,⌧0+ [gµ⌫ , H

µ

⌫ ,�I ] ,

(3.22)

where we defined a new matter action SM,⌧0+ which incorporates the residual H-dependence.
In principle, the modified matter action can be rewritten in terms of hµ⌫ and �I alone, by
solving the definition (3.20) for gµ⌫ . This means that the dynamics of a matter theory SM

minimally coupled to Ricci-based gravity is equivalent to that of a deformed matter theory
SM,⌧0+ minimally coupled to standard general relativity. Explicitly defining

T⌧0+,µ⌫ :=
�2
p
�h

�SM,⌧0+

�hµ⌫
, (3.23)

the equations of motion resulting from the variation of (3.22) with respect to h can be ex-
pressed as:

R(µ⌫) �
1

2

�
h�1

�↵�
R(↵�)hµ⌫ = T⌧0+,µ⌫ . (3.24)

As expected, the expression in (3.24) corresponds to the Einstein field equations formulated
in terms of the auxiliary metric tensor hµ⌫ . We shall henceforth designate bS – defined by the
new metric h and leading to the familiar Einstein equations – as the Einstein frame action,
while denoting S – defined by the original metric g – as the RBG frame action. In f (R)

theories, which are realised when the gravitational Lagrangian LG,⌧ is a function of tr [R] only,
the geometries of the two frames are conformally related [87]. There is a close analogy between
the above discussion and the existence of two frames in scalar-tensor theories of gravity, which
we discuss in Appendix A. In the broader framework of RBGs, the connection equation can
still be solved in terms of an auxiliary geometry which, nonetheless, is not conformal in general,
but disformal [88]. The relation between the matter actions SM and SM,⌧0+ can be expressed
in terms of their associated Lagrangian densities LM and LM,⌧0+ as:

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
+
p
�gLM (gµ⌫ ,�I) =

p
�hLM,⌧0+ (hµ⌫ ,�I) . (3.25)

Recapitulating, the integration of H in bS automatically enforces the metric compatibility
condition, while simultaneously ensuring bS ' S. As a consequence, we can write the
dynamical equivalence

SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] ' SEH

h
hµ⌫ ,�

�

µ⌫

i
+ SM,⌧0+ [hµ⌫ ,�I ] , (3.26)
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together with the definition of the modified matter theory
⇢
SM [gµ⌫ ,�I ] +

Z
ddx

p
�g

✓
LG, � gµ↵R(↵⌫)

@LG,

@gµ�R(�⌫)

◆�����
g=g(h)

= SM,⌧0+ [hµ⌫ ,�I ] ,

(3.27)

and of the metric hµ⌫
1

2

p
�h

�
h�1

�µ⌫
=

p
�ggµ↵

@LG,

@g↵�R(�⌫)

. (3.28)

3.1.1 TT-like dressing from gravitational reframing

It is noteworthy to observe the remarkable resemblance between equation (3.27), featuring
a metric deformation as defined by (3.28), and the TT dressing introduced in (2.7). The
Legendre transform of LG, appearing in (3.27) can be expressed as a function of the Ricci
tensor. If we impose the field equations (3.10) we can write (3.27) in terms of the energy-
momentum tensor T⌧0,µ⌫ associated with the RBG frame theory. Then, if LG, is such that
this rewriting produces the desired TT-like operator and the Einstein frame metric aligns with
the corresponding TT-deformed metric, it follows that the matter action in the Einstein frame
is dynamically equivalent to the TT-like deformation of the RBG frame matter action. As
we will demonstrate through specific examples later on, our deliberate choice to have SG,

depended on the irrelevant parameter  endows the latter with the role of a flow parameter
⌧ governing the deformation, up to some linear transformation. We have fixed [] = �2, so
dimensional analysis shows that the correspondence should be established for  = A · (⌧ � c),
where A and c are to be determined based on the particular model in question. However, as
our ultimate aim is to express (3.27) in terms of the stress tensor of the RBG frame theory,
implementing consistent gluing conditions requires setting c = ⌧0, so that

 = A · (⌧ � ⌧0) . (3.29)

The specific value of A 2 R turns out to be physically irrelevant, as we retain the flexibility
to redefine the deforming parameter ⌧ at will.

Our discussion so far implies that appropriately crafted modified gravity theories can
serve as a source for generating compatible TT-like deformations. Fixing  as in (3.29), and
setting for without loss of generality A = 1, the dynamical equivalence introduced in (3.26)
reads:5

SG,⌧�⌧0 + SM,⌧0 ' SEH + SM,⌧ , (3.30)

where SM,⌧ is the TT-deformed matter action at the point ⌧ . On the other hand, ⌧0 is
arbitrary, so we can promote it to a tunable parameter on the same standing as ⌧ . Relabelling
the parameters in (3.30), we obtain

SG,⌧0 + SM,⌧�⌧0 ' SEH + SM,⌧ . (3.31)
5
To improve the clarity of the equations, the inherent dependence on ⌧0 in SM = SM⌧0

is explicitly displayed

here.
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In conclusion,  we have the following dynamical equivalence:

Main objectives:

1) Study interesting modified gravity models   Modified matter

2) Study interesting irrelevant deformations  Modified gravity models

→

→

Intriguingly, it so happens that these configurations are such that the auxiliary tensor hµ⌫
automatically meets the compatibility conditions for the connection. On the other hand, the
introduction of hµ⌫ as a new metric allows isolating in equation (3.19) the standard Einstein-
Hilbert action with respect to hµ⌫ , and we can finally rewrite (3.15) as

bS =
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) +

Z
ddx

p
�g

✓
LG �Hµ

⌫

@LG

@Hµ
⌫

◆
+ SM [gµ⌫ ,�I ]

=
1

2

Z
ddx

p
�h

�
h�1

�µ⌫
R(µ⌫) + SM,⌧0+ [gµ⌫ , H

µ

⌫ ,�I ] ,

(3.22)

where we defined a new matter action SM,⌧0+ which incorporates the residual H-dependence.
In principle, the modified matter action can be rewritten in terms of hµ⌫ and �I alone, by
solving the definition (3.20) for gµ⌫ . This means that the dynamics of a matter theory SM

minimally coupled to Ricci-based gravity is equivalent to that of a deformed matter theory
SM,⌧0+ minimally coupled to standard general relativity. Explicitly defining

T⌧0+,µ⌫ :=
�2
p
�h

�SM,⌧0+

�hµ⌫
, (3.23)

the equations of motion resulting from the variation of (3.22) with respect to h can be ex-
pressed as:

R(µ⌫) �
1

2

�
h�1

�↵�
R(↵�)hµ⌫ = T⌧0+,µ⌫ . (3.24)

As expected, the expression in (3.24) corresponds to the Einstein field equations formulated
in terms of the auxiliary metric tensor hµ⌫ . We shall henceforth designate bS – defined by the
new metric h and leading to the familiar Einstein equations – as the Einstein frame action,
while denoting S – defined by the original metric g – as the RBG frame action. In f (R)

theories, which are realised when the gravitational Lagrangian LG,⌧ is a function of tr [R] only,
the geometries of the two frames are conformally related [87]. There is a close analogy between
the above discussion and the existence of two frames in scalar-tensor theories of gravity, which
we discuss in Appendix A. In the broader framework of RBGs, the connection equation can
still be solved in terms of an auxiliary geometry which, nonetheless, is not conformal in general,
but disformal [88]. The relation between the matter actions SM and SM,⌧0+ can be expressed
in terms of their associated Lagrangian densities LM and LM,⌧0+ as:

p
�g

✓
LG, �Hµ

⌫

@LG,

@Hµ
⌫

◆
+
p
�gLM (gµ⌫ ,�I) =

p
�hLM,⌧0+ (hµ⌫ ,�I) . (3.25)

Recapitulating, the integration of H in bS automatically enforces the metric compatibility
condition, while simultaneously ensuring bS ' S. As a consequence, we can write the
dynamical equivalence

SG,

h
gµ⌫ ,�

�

µ⌫

i
+ SM [gµ⌫ ,�I ] ' SEH

h
hµ⌫ ,�

�

µ⌫

i
+ SM,⌧0+ [hµ⌫ ,�I ] , (3.26)
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4.1 TT-deformed Abelian gauge theories

From now on, we will focus on d = 4 spacetime. In this section, we consider as our seed theory
a family of matter Lagrangian densities LU(1) that exhibit gauge invariance under the U(1)

structure group. A straightforward example within this family is Maxwell’s electrodynamics,
characterized by the Lagrangian density:

LMax = �
1

4
Fµ⌫F

µ⌫ . (4.1)

Here, Fµ⌫ = @µA⌫ � @⌫Aµ represents the field strength associated with the Abelian gauge
field Aµ. Following the methodology outlined in [70], it is observed that the field strength
can be regarded as a 4 ⇥ 4 matrix F = (Fµ

⌫ )µ,⌫2{0,...,3}, with indices raised or lowered using
gµ⌫ . According to the Cayley-Hamilton theorem, every such matrix satisfies its characteristic
equation:

det [F]1 =
3X

n=0

cnF
n, (4.2)

where 1 denotes the four-dimensional identity matrix. The coefficients cn are given by

cn =
X

{ki}

4Y

i=1

(�1)ki+1

ikiki!
tr
⇥
F
i
⇤ki , (4.3)

where the sum runs over all sets of non-negative integers ki which satisfy

4X

i=1

iki = 3� n. (4.4)

It’s crucial to note that, as the coefficients cn exclusively depend on the traces tr
⇥
F
i
⇤

for
i = 1, . . . , 4, equation (4.2) imposes constraints on the number of independent trace structures
that a 4 ⇥ 4 matrix may possess. Specifically, for l > 4, any term proportional to tr

⇥
F
l
⇤

can be expressed in terms of lower traces. Furthermore, owing to the antisymmetry of the
Abelian field strength Fµ⌫ , the trace of any odd power of its associated matrix F is zero.
Consequently, any scalar, gauge-invariant quantity constructed from Fµ⌫ can be represented
as a linear combination of the two remaining independent traces, namely tr

⇥
F
2
⇤

and tr
⇥
F
4
⇤
.

In particular, given that the Lagrangian densities LU(1) of four-dimensional Abelian gauge
theories are, by definition, gauge-invariant scalars, one generally has:

LU(1) (gµ⌫ , Aµ) = LU(1)

�
tr
⇥
F
2
⇤
, tr

⇥
F
4
⇤�

. (4.5)

The Hilbert stress-energy tensor associated with such family of Lagrangians is

Tµ⌫ = gµ⌫LU(1) � 2
X

n=1, 2

@L

@tr [F2n]
·
�tr

⇥
F
2n
⇤

�gµ⌫

= gµ⌫LU(1) � 2
@L

@tr [F2]
·
�tr

⇥
F
2
⇤

�gµ⌫
� 4

@L

@tr [F4]
·
�tr

⇥
F
4
⇤

�gµ⌫
.

(4.6)
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Consider the following modified gravity action:

Using, as matter action:

then 

with 

where the higher-order corrections O () can be regarded as a function of T⌧0,µ⌫ alone. For
example, in asymptotically flat space-time, the second-order corrections to (3.64) are given by

�
4c1 + dc2
(d� 2)2

tr[T⌧0 ]
2gµ⌫ +

8(c1 + c2)

d� 2
tr[T⌧0 ]T⌧0,µ⌫ � 4c2T

↵

⌧0,µ
T⌧0,↵⌫ + c2tr[T

2

⌧0
]gµ⌫ , (3.65)

which vanish (together with the higher orders) in the absence of matter. Hence, generally, in
vacuum – i.e. for T⌧0,µ⌫ = 0 – we obtain

R(µ⌫) �
1

2
tr [R] gµ⌫ + ⇤gµ⌫ = 0, (3.66)

which are Einstein’s field equations in the Palatini formalism. Since in vacuum the connection
� is g-compatible, one recovers the usual gravitational dynamics from General Relativity.

3.3 The two antipodal limits of MEiBI gravity

The MEiBI gravity theories depend on 3 parameters , � and �, with ↵ = 1� d� being fixed
by the infrared limit to General Relativity. The parameter  sets the mass scale, and � plays
the role of a cosmological constant. The action (3.35) then represents a one-parameter family
of gravity theories, labelled by � 2 R. For general values of this parameter, we arrived at
the expression (3.61) for the Einstein frame matter action, however, we are unable to solve
explicitly the equation of motion (3.43). For certain specific values of � – specifically � = 0

and ↵ = 0 – we can explicitly compute � and write (3.61) in terms of T⌧0 .

3.3.1 Eddington-inspired Born-Infeld gravity

When fixing � = 0 – and consequently ↵ = 1 – the action of MEiBI gravity reduces to the
so-called Eddington-inspired Born-Infeld (EiBI) gravity [67]:

SEiBI,

h
gµ⌫ ,�

�

µ⌫

i
=

1



Z
ddx

⇢q
� det

⇥
gµ⌫ + R(µ⌫)(�)

⇤
� �

p
�g

�
. (3.67)

When coupling (3.67) to some matter theory SM, we observe that (3.46) reduces to
p
�h

�
h�1

�µ⌫
=

p
�p

�
p�1

�µ⌫
, (3.68)

which implies hµ⌫ = pµ⌫ . On the other hand, equation (3.43) yields

�
h�1

�µ⌫
= �

�
�gµ⌫ � Tµ⌫

⌧0

�
, � =

p
�g

p
�p

=

p
�g

p
�h

. (3.69)

The nice structure of (3.69) allows to compute � as

� = (det [�1� T⌧0 ])
1

2�d , (3.70)

where 1 denotes the d-dimensional identity matrix.
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Notice that the form of h,µ⌫ in (5.20) appears explicitly in the determinantal structure of the
EiBI action (5.19), and this allows to easily compute the equations of motion associated to
the metric tensor as [56]:

p
�h

�
h�1



�µ⌫
=

p
�g

�
gµ⌫ � Tµ⌫

⌧0

�
. (5.21)

We can now write the Palatini frame action for matter sources coupled to (5.19) in d = 4:

SM,⌧0+ [h,µ⌫ ,�I ]

=

⇢
SM [gµ⌫ ,�I ] +

Z
d4x

p
�g

✓
LG, � gµ↵R(↵⌫)

@LG,

@gµ�R(�⌫)

◆�����
g=g(h)

=

⇢
SM [gµ⌫ ,�I ] +

1



Z
d4x

✓
1

2

p
�h

�
h�1



�µ⌫
gµ⌫ �

p
�h �

p
�g

◆�����
g=g(h)

=

⇢
SM [gµ⌫ ,�I ] +

1



Z
d4x

✓
1

2

p
�g (4� tr[T⌧0 ])�

p
�h �

p
�g

◆�����
g=g(h)

=

⇢
SM [gµ⌫ ,�I ] +

Z
d4x

p
�g


1



✓
1�

p
�hp
�g

◆
� 1

2
tr [T⌧0 ]

������
g=g(h)

,

(5.22)

where, going from the second to the third line, we made use of the equations of motion (5.21).
Relying yet again on (5.21), and taking the determinant of both sides, we can eliminate the
residual h dependency in the last line, obtaining

p
�hp
�g

=
p
det [1� T⌧0 ] . (5.23)

To pursue additional simplifications, we must relinquish complete generality and introduce
certain assumptions regarding the matter sector of the theory. For our purpose, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:

1� 1

2
tr [T⌧0 ]�

p
det [1� T⌧0 ] = �2

p
det [T⌧0 ] . (5.24)

The validity of (5.24) is easily checked after diagonalising the stress-energy tensor. Making
use of (5.24) in (5.22), we eventually obtain

SM,⌧0+ [h,µ⌫ ,�I ] =

⇢
SM [gµ⌫ ,�I ]� 

Z
d4x

p
�g

p
det [T⌧0 ]

�����
g=g(h)

. (5.25)

Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 

✓
T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

◆
. (5.26)

– 29 –

Notice that the form of h,µ⌫ in (5.20) appears explicitly in the determinantal structure of the
EiBI action (5.19), and this allows to easily compute the equations of motion associated to
the metric tensor as [56]:

p
�h

�
h�1



�µ⌫
=

p
�g

�
gµ⌫ � Tµ⌫

⌧0

�
. (5.21)

We can now write the Palatini frame action for matter sources coupled to (5.19) in d = 4:

SM,⌧0+ [h,µ⌫ ,�I ]

=

⇢
SM [gµ⌫ ,�I ] +

Z
d4x

p
�g

✓
LG, � gµ↵R(↵⌫)

@LG,

@gµ�R(�⌫)

◆�����
g=g(h)

=

⇢
SM [gµ⌫ ,�I ] +

1



Z
d4x

✓
1

2
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�µ⌫
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p
�g
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g=g(h)
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SM [gµ⌫ ,�I ] +

1



Z
d4x

✓
1

2

p
�g (4� tr[T⌧0 ])�
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�h �

p
�g

◆�����
g=g(h)
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SM [gµ⌫ ,�I ] +

Z
d4x

p
�g


1



✓
1�

p
�hp
�g

◆
� 1

2
tr [T⌧0 ]

������
g=g(h)

,

(5.22)

where, going from the second to the third line, we made use of the equations of motion (5.21).
Relying yet again on (5.21), and taking the determinant of both sides, we can eliminate the
residual h dependency in the last line, obtaining

p
�hp
�g

=
p
det [1� T⌧0 ] . (5.23)

To pursue additional simplifications, we must relinquish complete generality and introduce
certain assumptions regarding the matter sector of the theory. For our purpose, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:

1� 1

2
tr [T⌧0 ]�

p
det [1� T⌧0 ] = �2

p
det [T⌧0 ] . (5.24)

The validity of (5.24) is easily checked after diagonalising the stress-energy tensor. Making
use of (5.24) in (5.22), we eventually obtain

SM,⌧0+ [h,µ⌫ ,�I ] =

⇢
SM [gµ⌫ ,�I ]� 

Z
d4x

p
�g

p
det [T⌧0 ]

�����
g=g(h)

. (5.25)

Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 

✓
T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

◆
. (5.26)
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Notice that the form of h,µ⌫ in (5.20) appears explicitly in the determinantal structure of the
EiBI action (5.19), and this allows to easily compute the equations of motion associated to
the metric tensor as [56]:
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h�1



�µ⌫
=

p
�g

�
gµ⌫ � Tµ⌫

⌧0

�
. (5.21)

We can now write the Palatini frame action for matter sources coupled to (5.19) in d = 4:

SM,⌧0+ [h,µ⌫ ,�I ]
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(5.22)

where, going from the second to the third line, we made use of the equations of motion (5.21).
Relying yet again on (5.21), and taking the determinant of both sides, we can eliminate the
residual h dependency in the last line, obtaining

p
�hp
�g

=
p
det [1� T⌧0 ] . (5.23)

To pursue additional simplifications, we must relinquish complete generality and introduce
certain assumptions regarding the matter sector of the theory. For our purpose, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:

1� 1

2
tr [T⌧0 ]�

p
det [1� T⌧0 ] = �2

p
det [T⌧0 ] . (5.24)

The validity of (5.24) is easily checked after diagonalising the stress-energy tensor. Making
use of (5.24) in (5.22), we eventually obtain

SM,⌧0+ [h,µ⌫ ,�I ] =

⇢
SM [gµ⌫ ,�I ]� 

Z
d4x
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. (5.25)

Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 
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T⌧0,µ⌫ �

1

2
tr [T⌧0 ] gµ⌫

◆
. (5.26)
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Notice that the form of h,µ⌫ in (5.20) appears explicitly in the determinantal structure of the
EiBI action (5.19), and this allows to easily compute the equations of motion associated to
the metric tensor as [56]:
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We can now write the Palatini frame action for matter sources coupled to (5.19) in d = 4:
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(5.22)

where, going from the second to the third line, we made use of the equations of motion (5.21).
Relying yet again on (5.21), and taking the determinant of both sides, we can eliminate the
residual h dependency in the last line, obtaining

p
�hp
�g

=
p
det [1� T⌧0 ] . (5.23)

To pursue additional simplifications, we must relinquish complete generality and introduce
certain assumptions regarding the matter sector of the theory. For our purpose, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:
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tr [T⌧0 ]�

p
det [1� T⌧0 ] = �2

p
det [T⌧0 ] . (5.24)

The validity of (5.24) is easily checked after diagonalising the stress-energy tensor. Making
use of (5.24) in (5.22), we eventually obtain
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Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 
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Notice that the form of h,µ⌫ in (5.20) appears explicitly in the determinantal structure of the
EiBI action (5.19), and this allows to easily compute the equations of motion associated to
the metric tensor as [56]:
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We can now write the Palatini frame action for matter sources coupled to (5.19) in d = 4:
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(5.22)

where, going from the second to the third line, we made use of the equations of motion (5.21).
Relying yet again on (5.21), and taking the determinant of both sides, we can eliminate the
residual h dependency in the last line, obtaining

p
�hp
�g

=
p
det [1� T⌧0 ] . (5.23)

To pursue additional simplifications, we must relinquish complete generality and introduce
certain assumptions regarding the matter sector of the theory. For our purpose, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:

1� 1

2
tr [T⌧0 ]�

p
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p
det [T⌧0 ] . (5.24)

The validity of (5.24) is easily checked after diagonalising the stress-energy tensor. Making
use of (5.24) in (5.22), we eventually obtain
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Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 
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Notice that the form of h,µ⌫ in (5.20) appears explicitly in the determinantal structure of the
EiBI action (5.19), and this allows to easily compute the equations of motion associated to
the metric tensor as [56]:
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We can now write the Palatini frame action for matter sources coupled to (5.19) in d = 4:
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where, going from the second to the third line, we made use of the equations of motion (5.21).
Relying yet again on (5.21), and taking the determinant of both sides, we can eliminate the
residual h dependency in the last line, obtaining

p
�hp
�g

=
p
det [1� T⌧0 ] . (5.23)

To pursue additional simplifications, we must relinquish complete generality and introduce
certain assumptions regarding the matter sector of the theory. For our purpose, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:
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p
det [T⌧0 ] . (5.24)

The validity of (5.24) is easily checked after diagonalising the stress-energy tensor. Making
use of (5.24) in (5.22), we eventually obtain
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Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 

✓
T⌧0,µ⌫ �

1

2
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. (5.26)
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Assuming the validity of (2.7), this means that it is generally possible to identify a metric
tensor hµ⌫ such that
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= SU(1),⌧ [hµ⌫ , Aµ] . (4.18)

On the other hand, as discussed in section 2.1, the degeneracy of T⌧0 indicates that the metric
deformation must satisfy

hµ⌫ = gµ⌫ + (⌧ � ⌧0)
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. (4.19)

In Appendix A, we explicitly validate the consistency of (4.18) for Maxwell’s theory in four
dimensions.

4.2 Deformations of Abelian gauge theories from EiBI gravity

We now couple the EiBI action (3.58) with an Abelian gauge theory SU(1), setting d = 4

and imposing asymptotic flatness (i.e., setting � = 1). Given that the stress-tensor degener-
acy characteristic of U(1)-symmetric theories also implies, according to the Cayley-Hamilton
theorem,
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it is possible to verify that the Einstein-frame metric satisfies
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As a matter of fact,
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In the second line, the equations of motion (3.60) are applied, and in the third line (3.61)
is utilized. When the matter sector in the Jordan frame adheres to U(1) invariance, the
reframing of EiBI gravity automatically reproduces the metric deformation characteristic of
TT-deformed Abelian gauge theories in d = 4, with the identification

" = ⌧ � ⌧0. (4.23)

Furthermore, employing the explicit form of � from (3.61), along with the identity (4.15), we
observe that
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which implies that, under (4.23), the modified matter sector is given by
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These equations precisely match the TT dressing discussed in (4.18) and (4.19). This indicates
that U(1) gauge theories coupled with Eddington-inspired Born-Infeld gravity are dynamically
equivalent to their TT-deformed counterparts, now coupled with General Relativity:
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h
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i
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i
+ SU(1),⌧ [hµ⌫ , Aµ] . (4.27)

When the matter theory in the Jordan frame is Maxwell’s electrodynamics, this outcome
aligns with the findings in [76]. As a final note, we observe that by coupling EiBI gravity with
mass scale m�2

G
= ⌧1 with some Abelian gauge theory with flow parameter ⌧2 we have

SEiBI,⌧1 + SU(1),⌧2
' SEH + SU(1),⌧1+⌧2

' SEiBI,⌧2 + SU(1),⌧1
. (4.28)

Here, ' signifies that the equivalence is valid strictly at a classical level, contingent upon the
satisfaction of the field equations. If we set instead ⌧1 := ⌧ + �⌧ and ⌧2 := ⌧ we obtain

SEiBI,⌧+�⌧ � SEiBI,⌧ ' SU(1),⌧+�⌧ � SU(1),⌧ , (4.29)

which generates the on-shell flow
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Here T⌧,µ⌫ denotes the stress-energy tensor of the matter theory SU(1),⌧ . On the other hand,
if we set ⌧1 := ⌧ and ⌧2 := �⌧ , we observe that (4.28) becomes

SEiBI,⌧ + SU(1),�⌧ ' SEH + SU(1),0, (4.31)

where the right-hand side must be not depend on ⌧ . This implies that, on-shell,
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' 0. (4.32)

4.3 Pure-trace deformations

In equation (2.16), we considered the pure-trace flow of the matter sector

@SM,⌧
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a
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Z
ddx

p
�g tr [T⌧ ]

2 , SM,⌧0 := SM. (4.33)

It is essential to note that, even though the real parameter a is arbitrary, a redefinition
of the flow parameter ⌧ ! a⌧ can be performed, rendering the specific value of a entirely
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which implies that, under (4.23), the modified matter sector is given by
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These equations precisely match the TT dressing discussed in (4.18) and (4.19). This indicates
that U(1) gauge theories coupled with Eddington-inspired Born-Infeld gravity are dynamically
equivalent to their TT-deformed counterparts, now coupled with General Relativity:
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When the matter theory in the Jordan frame is Maxwell’s electrodynamics, this outcome
aligns with the findings in [76]. As a final note, we observe that by coupling EiBI gravity with
mass scale m�2

G
= ⌧1 with some Abelian gauge theory with flow parameter ⌧2 we have

SEiBI,⌧1 + SU(1),⌧2
' SEH + SU(1),⌧1+⌧2

' SEiBI,⌧2 + SU(1),⌧1
. (4.28)

Here, ' signifies that the equivalence is valid strictly at a classical level, contingent upon the
satisfaction of the field equations. If we set instead ⌧1 := ⌧ + �⌧ and ⌧2 := ⌧ we obtain

SEiBI,⌧+�⌧ � SEiBI,⌧ ' SU(1),⌧+�⌧ � SU(1),⌧ , (4.29)

which generates the on-shell flow
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Here T⌧,µ⌫ denotes the stress-energy tensor of the matter theory SU(1),⌧ . On the other hand,
if we set ⌧1 := ⌧ and ⌧2 := �⌧ , we observe that (4.28) becomes

SEiBI,⌧ + SU(1),�⌧ ' SEH + SU(1),0, (4.31)

where the right-hand side must be not depend on ⌧ . This implies that, on-shell,

@

@⌧

�
SEiBI,⌧ + SU(1),�⌧

�
' 0. (4.32)

4.3 Pure-trace deformations

In equation (2.16), we considered the pure-trace flow of the matter sector

@SM,⌧
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Z
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p
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2 , SM,⌧0 := SM. (4.33)

It is essential to note that, even though the real parameter a is arbitrary, a redefinition
of the flow parameter ⌧ ! a⌧ can be performed, rendering the specific value of a entirely
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We can find  h: 

and as a special case   

and using the identity, valid in these degenerate cases: 

we get 

dependency in the last line, obtaining
p
�hp
�g

=
p

det [1� T⌧0 ] . (5.25)

To pursue further simplifications, we need to give up full generality and introduce specific as-
sumptions concerning the matter sector of the theory. For the current purposes, it is convenient
to assume that the stress-energy tensor of the matter sector satisfies the degeneracy conditions
discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge
theories in d = 4 (but not necessarily restricted to them). If T⌧0 admits only two independent
eigenvalues, the following identity holds in the four-dimensional case:
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The validity of (5.26) is easily checked after diagonalising the stress-energy tensor. Making use
of (5.26) in (5.24), we obtain
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Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame
metric satisfies

h,µ⌫ = gµ⌫ + 
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. (5.28)

In fact,
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(5.29)

As before, all is left to do is identify  = ⌧ � ⌧0: the matter action in the Palatini frame matches
the TT-like dressing equation (3.64), and the auxiliary metric (5.28) corresponds to the deformed
metric (3.63). This shows that ordinary matter coupled to EiBI gravity shares the same dynamics
of TT-like deformed matter which gravitates in accordance with the laws of General Relativity.
In terms of flows, provided that the matter theory exhibits the desired degeneracy, we have
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From the gravity point of view, it was observed in [84] that coupling EiBI with Maxwell’s the-
ory yields identical dynamics to coupling General Relativity with Born-Infeld electromagnetism.
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3.3.2 Starobinsky gravity

If instead we choose ↵ = 0, � = 1/4, MEiBI gravity shrinks down to a polynomial Palatini
f(R) theory. To see this, notice that the integrand in (3.31) becomes
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. (3.62)

The resulting theory greatly simplifies in four spacetime dimensions, where we obtain the
Starobinsky action
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with ⇤ accounting for vacuum energy contributions, and defined as in (3.36). In cosmology, the
Starobinsky model gained remarkable success thanks to its capability of describing early-age
inflation. From (3.38), we see that
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which allows us to easily compute
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From (3.55), we have
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which translates into

tr [T⌧0 ] =
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2�1
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. (3.67)

At least in principle, equation (3.67) permits to write tr [R] in terms of tr [T⌧0 ], so that �

can be expressed as a function of tr [T⌧0 ] only. For practical considerations, the subsequent
section will confine our analysis to the four-dimensional case, where a straightforward and
elegant solution is admitted.

4 Case studies: four-dimensional theories

In this section, following a review of pertinent details regarding four-dimensional TT-like
deformations of Abelian gauge theories and pure-trace deformations, we demonstrate how
these deformations can be comprehended as originating from the coupling of the matter sector
to either EiBI or Starobinsky gravity.
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which implies that, under (4.23), the modified matter sector is given by
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These equations precisely match the TT dressing discussed in (4.18) and (4.19). This indicates
that U(1) gauge theories coupled with Eddington-inspired Born-Infeld gravity are dynamically
equivalent to their TT-deformed counterparts, now coupled with General Relativity:
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When the matter theory in the Jordan frame is Maxwell’s electrodynamics, this outcome
aligns with the findings in [76]. As a final note, we observe that by coupling EiBI gravity with
mass scale m�2

G
= ⌧1 with some Abelian gauge theory with flow parameter ⌧2 we have

SEiBI,⌧1 + SU(1),⌧2
' SEH + SU(1),⌧1+⌧2

' SEiBI,⌧2 + SU(1),⌧1
. (4.28)

Here, ' signifies that the equivalence is valid strictly at a classical level, contingent upon the
satisfaction of the field equations. If we set instead ⌧1 := ⌧ + �⌧ and ⌧2 := ⌧ we obtain

SEiBI,⌧+�⌧ � SEiBI,⌧ ' SU(1),⌧+�⌧ � SU(1),⌧ , (4.29)

which generates the on-shell flow
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Here T⌧,µ⌫ denotes the stress-energy tensor of the matter theory SU(1),⌧ . On the other hand,
if we set ⌧1 := ⌧ and ⌧2 := �⌧ , we observe that (4.28) becomes

SEiBI,⌧ + SU(1),�⌧ ' SEH + SU(1),0, (4.31)

where the right-hand side must be not depend on ⌧ . This implies that, on-shell,

@

@⌧

�
SEiBI,⌧ + SU(1),�⌧

�
' 0. (4.32)

4.3 Pure-trace deformations

In equation (2.16), we considered the pure-trace flow of the matter sector
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Z
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p
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2 , SM,⌧0 := SM. (4.33)

It is essential to note that, even though the real parameter a is arbitrary, a redefinition
of the flow parameter ⌧ ! a⌧ can be performed, rendering the specific value of a entirely
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inconsequential. We also observed that the corresponding metric deformation satisfying (2.7)
is given by

hµ⌫ = gµ⌫ � a (⌧ � ⌧0) tr [T⌧0 ] gµ⌫ . (4.34)

As an instructive example, we start by examining the effects on the action that describes a
single complex interacting boson in d = 4 when deformed under the action of the pure-trace
operator. To this end, we introduce the Lagrangian density at ⌧0 = 0:

LV (gµ⌫ ,�) =
1

2
@µ�@

µ�� V (�). (4.35)

Here, V denotes an arbitrary Lorentz-invariant potential, and for notational convenience, we
introduced the symmetric, metric-independent quantity

Xµ⌫ = @µ�@⌫�, (4.36)

whose trace we denote by X = gµ⌫Xµ⌫ . Given that the kinetic sector of the seed theory solely
depends on the partial derivatives of the bosonic field through X, we expect a similar behavior
for the deformed Lagrangian LV,⌧ as well. Moreover, from
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since the square of its trace is given by
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it can be shown that the deformed Lagrangian must be
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Indeed, the square of the stress-energy tensor can be readily computed from (4.38), resulting
in
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On the other hand, one has
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In this instance, it is straightforward to explicitly verify the consistency of (2.7). For notational
compactness, we define

hµ⌫ = J gµ⌫ , J := 1� a⌧tr [T⌧0 ] . (4.42)

The metric transformation (4.42) can be interpreted as a dynamical change of coordinates
with Jacobian J = J

1
2 1. Since

tr [T⌧0 ] = X � 4V, (4.43)
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The modified gravity action is:

The gravity equations for h, leads to: 

Therefore the -flow equation for the matter: TT̄

(In the Palatini framework) 

resulting theory can be Taylor expanded into powers of tr[R] alone, and things get significantly
simpler. These theories are known as f(R) theories, and we will explore them in the following
section. When there are no constraints on the coefficients cmn – apart from those realising the
low energy limit (4.10) – the theories in the class parametrised by (4.9) are generally known
as Ricci-based gravity theories (RBGs for short). It is within the context of RBGs that our
restriction to the symmetric component of Rµ⌫ becomes relevant: as shown in [77], even
though the field equations of RBGs are, in general, of second order, it is necessary to impose
projective invariance of the action to get rid of ghost-like dynamical degrees of freedom. A
projective transformation of the connection field of the form

��
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�
⌫ , (4.11)

reflects on the Ricci curvature tensor as

Rµ⌫ ! Rµ⌫ + @µ⇠⌫ � @⌫⇠µ . (4.12)

Consequently, the symmetric part of Rµ⌫ remains unaffected, and so does the gravitational
action SG,.

f(R) gravity

In this section, setting cmn = 0 for every n 6= 0 in (4.9), we focus on the family of functionals
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It turns out that one of the most notable members of this class is also the simplest, non-trivial
example of Palatini f(R) gravity in d = 4, known as the Starobinsky model:

SStar,

h
gµ⌫ ,�

�
µ⌫

i
=

Z
d4x

p
�g

✓
1

2
tr [R(�)] +



4
tr [R(�)]2

◆
. (4.14)

The action (4.14) will later play a central role in this article, but we will keep the discussion
as general as possible for the moment being. As we did for the Einstein-Hilbert action in
the Palatini framework, we add matter sources, minimally coupling the gravity theory to an
arbitrary seed theory in ⌧ = ⌧0:

S

h
gµ⌫ ,�

�
µ⌫ ,�I

i
= SG,

h
gµ⌫ ,�

�
µ⌫

i
+ SM [gµ⌫ ,�I ] . (4.15)

For the sake of notational compactness, from now one we will drop the explicit � dependency
in Rµ⌫ . It is then convenient to introduce a gravitational Lagrangian density LG, such that
SG, =

R
d4x

p
�gLG,. Since, by assumption, LG, should exclusively depend on gµ⌫ through

the trace of the matrix R, we can trade the metric variation of the gravitational Lagrangian
with its variation with respect to tr[R]:

@LG,

@gµ⌫
=

@LG,

@tr[R]

@tr[R]

@gµ⌫
=

@LG,

@tr[R]
R(µ⌫) . (4.16)
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a(τ − τ0) = κwith
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we aim at showing that
⇢
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4 (1 + 4a⌧V )
�

V

1 + 4a⌧V

◆�����
h=h(g)

=

Z
d4x

p
�g


1

2
X � V �

a⌧

4
(4V �X)2

�
,

(4.44)

where
Xh = hµ⌫Xµ⌫ =

X

J
. (4.45)

Given that, from (4.42), we have
p
�h = J

2
p
�g, (4.46)

we observe that
p
�h

✓
2Xh + a⌧X2

h

4 (1 + 4a⌧V )
�

V

1 + 4a⌧V

◆
=

p
�g

✓
2JX + a⌧X2

h
� 4J 2V

4 (1 + 4a⌧V )

◆
. (4.47)

This, combined with (4.42) as well as (4.43), yields the result anticipated in (4.44). Further
generalizations account for the introduction of multiple scalar fields {�I}I2{1,...,N}. In this
case, the Lagrangian density

LN (gµ⌫ ,�I) =
X

I,J

@µ�I@
µ�J � V := ⌅� V (4.48)

is deformed by the pure-trace deformation into

LN,⌧ (gµ⌫ ,�I) =
⌅+ a⌧⌅2

(1 + 4a⌧V )
�

V

1 + 4a⌧V
. (4.49)

Analogue procedures can be implemented when the matter Lagrangian exhibits even more
intricate structures. For example, it can be explicitly verified that the Lagrangian for self-
interacting scalar electrodynamics:

L (gµ⌫ ,�, Aµ) = Dµ� (Dµ�)† � V
⇣
��†

⌘
�

1

4
Fµ⌫F

µ⌫ , Dµ := @µ � iAµ, (4.50)

where � is a complex scalar field and V is an arbitrary potential, gets mapped into

L⌧ (gµ⌫ ,�, Aµ) =
Dµ� (Dµ�)† + a⌧

h
Dµ� (Dµ�)†

i
2

1 + 4a⌧V
�

V

1 + 4a⌧V
�

1

4
Fµ⌫F

µ⌫ . (4.51)

To show this, we observe that

@L⌧

@⌧
=

a
h
Dµ� (Dµ�)† � 2V

i
2

(1 + 4a⌧V )2
, tr [T⌧ ]

2 =
4
h
Dµ� (Dµ�)† � 2V

i
2

(1 + 4a⌧V )2
, (4.52)

implying
@L⌧

@⌧
=

a

4
tr [T⌧ ]

2 . (4.53)

Observe that the kinematic sector of electrodynamics remains undeformed in (4.51), as it does
not contribute to the trace of the stress-energy tensor in four dimensions. Once again, it can
be explicitly verified that the metric deformation inducing the correspondence (2.7) is the
field-dependent rescaling given by (4.34).
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If we use as unperturbed  action:

we get:

which is in full agreement  with results in the cosmology-literature. In addition we also have:

We would now like to express h,µ⌫ as a function of the stress-energy tensor of the matter
sources in the model, and we do this by considering the equations of motion (4.18):

2
@LStar,

@tr[R]
tr[R]� 4LStar, = �tr[R] = tr[T⌧0 ] . (5.9)

Plugging (5.9) back into (5.8), we immediately get

h,µ⌫ = (1� tr[T⌧0 ]) gµ⌫ . (5.10)

On the other hand, from (4.48), we know that the Palatini frame action for some arbitrary
matter sector can be written as

SM,⌧0+ [h,µ⌫ ,�I ] =

⇢
SM [gµ⌫ ,�I ] +

Z
d4x

p
�g

✓
LG, � tr[R]

@LG,

@tr[R]

◆�����
g=g(h)

=

⇢
SM [gµ⌫ ,�I ]�



4

Z
d4x

p
�g tr[R]2

�����
g=g(h)

=

⇢
SM [gµ⌫ ,�I ]�



4

Z
d4x

p
�g tr[T⌧0 ]

2

�����
g=g(h)

,

(5.11)

where, going from the second to the third line, we used (5.9). Finally, setting  = a(⌧ � ⌧0),
we obtain

SM,⌧ [h,µ⌫ ,�I ] =

⇢
SM [gµ⌫ ,�I ]�

a(⌧ � ⌧0)

4

Z
d4x

p
�g tr[T⌧0 ]

2

�����
g=g(h)

, (5.12)

where the relation between gµ⌫ and h,µ⌫ is of course specified by (5.10), yielding, in terms of
the new parameter ⌧ :

h⌧,µ⌫ = (1� a(⌧ � ⌧0)tr[T⌧0 ]) gµ⌫ . (5.13)

Equation (5.12), together with the metric deformation (5.13), define how the matter sector
is modified in the Palatini frame of four-dimensional Starobinsky gravity. More importantly,
they are the same equations describing the trace-squared dressing of arbitrary matter theories
in d = 4. This defines an exact duality between the dynamics of matter gravitating according
to the Starobinsky model, and matter deformed by trace-squared deformations: setting for
the sake of conciseness ⌧0 = 0, we have

SStar,⌧ + SM ' SGR + SM,⌧ . (5.14)

With the results from section 2 in mind, it is now intuitive to understand why, in a universe
containing traceless matter – such as, for example, pure Maxwell – Starobinsky gravity has
the same effects as General Relativity [82]: the operator driving the dual stress tensor de-
formation automatically vanishes. It is also interesting to notice that the way trace-squared
deformations affect the potential of scalar theories, such as in (3.17), reproduces the typical
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Conclusions and further results

1) We have explored the possibility to move -like  deformations, from matter to gravity 
and viceversa. 

2)  We have recovered two types of Modified Gravity Models:

a] The Eddington-inspired Born-Infeld theory  (a= 2/d, b=1)

b] The Starobinsky gravity (a=1, b=0)

c] Further results:  root-   deformation of the  the 2d  “ghost-free massive gravity” 
discussed by Tolley and the Jackiw-Teitelboim related result  by Dubovsky, Gorbenko, and 
Mirbabayi.  
[Babaei-Aghbolagh, He, Morone, Ouyang, RT]

TT̄

TT̄

* All the results obtained are in full agreement with the cosmology-literature  *
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