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Initial motivation:
Understanding the Space of Quantum Field Theories
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Massless integrable CF'T perturbations:
Exact S-matrix

Finite-Size spectrum
(Thermodynamic Bethe ansatz)
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Can we reverse the renormalisation group trajectory?
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Let us try with the TT perturbation ...
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We need the correct definition of 77 outside a CFT fixed point:
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Sasha Zamolodchikov (2004):

TT(z,2):= lim T(2,2)T(Z,7)—0(z,2)0(7,2z) + total derivatives

(2.2)— (22

“4. (L) CFT limit at short distances. I will assume that the short-distance behavior of the field theory is
governed by a conformal field theory ... Here 1 just mention that this assumption is needed in order to make
definition of the composite field 7'/ essentially unambiguous.”

Therefore, up to total derivatives

T1(z,2) := — n° det(T,,(z, 2))



The 7T Lagrangian flow equation is:

0, (r) = de(T,, (7)), 0.7 (1) = det(T"())

(Euclidean space-time)
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Example: bosons with generic potential
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A local change of coordinates
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The shock-wave phenomenon and the Hagedorn-type critical point
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Figure 5. The kink solution to the TT-deformed sG model on a cylinder of radius R (a) and the
corresponding energies as functions of R (b).



Notice that:
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Generic 77T-deformed models
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Further alternative geometric intrepretations

1) There exists a random geometry interpretation of the 77 deformation of quantum field theory [Cardy]

625t fD eikeleikaldQQ? X /[dh]e(l/Sét) f fD eikejlhijhkldza?—l—fp hijTide.CU
(Hubbard-Stratonovich transformation)

2) Any TT-deformed field theory is dynamically equivalent to its associated unperturbed theory coupled
to (tlat) Jackiw-Teitelboim gravity [Dubovsky-Gorbenko-Mirbabayi].

i O T /dQX\/—g (@R — As) 7 X A2_1

3) The TT deformation of a generic field theory is equivalent to coupling the undeformed field theory to
2D ‘ghost-free massive gravity’ |[Tolley].
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Quantum 77-deformations on infinite cylinder of circumference R

0.7 (z) = det(T,,(7)) = 9,(n| F(2)|n) = (n| det(T,,(2)) | n)

Using Zamolodchikov factorisation property:
(n| det(T,w(T)) |n) = (n| T |n)(n|Ty|n) —(n| Ty, |n)n| Ty | n)
with
En(R, T) = —R <7’L\ T22 In) ) aREn(R, T) — = (nl T11 |n) , Pn(R) = —1R (nl T12 |?’L>

and




The inviscid Burgers equation for the quantum spectrum

PX(R)
0.E (R,7) = E (R, 7)0xE (R, 7) + i
T

|

source term

g Vo E(R1)=FE(R+1E (R, 1),0)



A possible quantum interpretation:

Point particles =P Finite size particles
ardy- Doyon]
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point-particle gas hard rod gas

[Y. Jiang]
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(Typical 7 = 0O finite-volume spectrum)
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The Conformal Field Theory case

The total energy 1is:
[Dubovsky-Flauger-Gorbenko 2012,

Caselle-Gliozzi-Fioravanti-Tateo 2013]
B R PR T

i Oq s 27 (ng — 7ig) \
27'\/472 L <"O+"O 12)+( R

ElR.T)

Copp = € —24A  (primary)

which matches the form of the (D=26, ¢, = 24) Nambu Goto spectrum, for a generic CFT.



Notice that there are spectral singularities connecting the two branches.
The most evident being the tachyonic critical point at
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From the point of view of a QFT at finite temperature 7' = 1/R, this critical point is consequence of an
exponential growth of the degeneracy of the energy levels at large energy L



Consider the degeneracy of a free (massless) fermionic system on a circle, with
¢ = 1/2 and circumference L. — o

The asymptotic behaviour of the level degeneracy for large ny, = 7y = n 1s

1 27\l dE 1Ty \ EIT 3
OLI) — e =p(E)— =3 e weused: Typ=41/—, E(n) = \/ drn/t
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indeed, 17; coincides with the upper limit temperature of the system:

Iy = sup(T(L))

Comparing this result with the tachyonic singularity at R .. we obtain:

RCI" - 1/TH'
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Exact S-matrix and CDD ambiguity

Consider a relativistic integrable field theory with factorised scattering:
Al (9 2 Ak: (91 )
( )

N\
/\

Ai(0)) A (62

Sk, —6;) =

Castillejo-Dalitz-Dyson ambiguity: S;‘jl(()) = Sf‘}l(()) @"51] (6)

The simplest possibility, consistent with the crossing and unitarity relations is:

55;)(9) = 67 (my, mj,0) = 7 m;m; sinh(6)
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Burgers equation from integrability
[KIuUmper-Batchelor-Pearce, 1991][ Destri-DeVega, 1992]

The finite-size properties of the sine-Gordon model are encoded 1n the single counting function £(0), solution to
the following nonlinear integral equation:
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where
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replacing

1 2
K(0) — K(0) — —8pdcpp(0) = K(6) — 7— cosh(8)
2T 27
we get
f(0) = —imRg sinh (0 — Opy) + ia
— / dy K(0 — y) In (1 + e_f(y)) -+ / dy (0 —y) In (1 + ef(y))
C1 CQ
with
, T P(R) 7P(Ry) R+7E(R,7) Ro—7E(R,0) 2k
sinh 0y = Re R 2. coshfy = R = =0 I . P(R,7) = P(R) = %’
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Then f(@qu 7') = f(e — 00|R03 O)

which allows to compute the exact form of the T-deformed energy level once 1ts R-dependence 1s known at

t =0. The result 1s:
E(R,7)\ [ cosh(fp) sinh (6p) E(Ro,0)
P(R) | \ sinh(6y) cosh (o) P(Ro)
therefore
E*(R,T) — P*(R) = E*(R0,0) — P*(Ry,0)
with

72(2) = (R+ 1 E(R, 'r))2 — TZPQ(R) R? = (Ro — TE(RO,O))2 — 7'2P2(720)

It is then possible to prove that this sets of constraints are equivalent to the Burgers equation!
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ModMax and the \/ 77T deforming operators

Consider the recent results on the Modified Maxwell Theory [Bandos-Lechner-Sorokin-Townsend 2020]

L. = cosh(y) S — sinh(v)v/ 92 —

where

1 1.
s s F% ., P = o b = +/det[F

— The unique nonlinear extension of the source-free Maxwell theory preserving both the electromagnetic duality
invariance and conformal invariance —

e 1
T [er(TY)2) — e[ Ta)? | |
@7 ) o 4 9 [ Babaei-Aghbolagh, Velni, Yekta, Mohammadzadeh]
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|Conti-Negro-RT, Ferko-Sfondrini-Smith-Tartaglino Mazzucchelli, Babaei Aghbolagh, Babaei Velni,
Mahdavian Yekta, Mohammadzadeh].

A novel classically marginal deformation in 2d, was recently introduced, and denoted root-77T

e 1 ol
8’}/ = \/‘é\/tr[(Tv) ] 2t [Tq/]

it commutes with the T7T
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Finally, it corresponds to a change metric, but not to a global change of coordinates
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Thank you for
your attention!



