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Quotation

There are ’down-to-earth’ physicists and chemists who reject
lattice models as being unrealistic. In its most extreme form, their
argument is that if a model can be solved exactly, then it must be
pathological. I think this is defeatist nonsense: ....

Basically, I suppose the justification for studying these lattice
models is very simple: they are relevant and they can be solved, so
why not do so and see what they tell us?

R.J. Baxter,
Exactly Solved Models in Statistical Mechanics,
Academic Press, London, 1982.
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Bosons on a lattice

Landig, Hruby, Dogra et al., Nature 532 (2016) 476
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NOTE: (Ne − No)2 + N2 = (Ne − No)2 + (Ne + No)2 = 2N2
e + 2N2

o .
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Pictorial representation I

Adjacency matrix

A =

 0 | B
− −
B | 0


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Hamiltonian

Let {aj , a†j : j = 1, . . . ,m} ∪ {bj , b†j : j = 1, . . . ,m} denote
mutually commuting sets of canonical boson operators satisfying

[aj , a
†
k ] = [bj , b

†
k ] = δjk I ,

[aj , ak ] = [a†j , a
†
k ] = [bj , bk ] = [b†j , b

†
k ] = 0.

For adjacency matrix A =

 0 | B
− −
B | 0

 the Hamiltonian reads

H = U(N2
a + N2

b − I ) +
m∑

j ,k=1

Bjk(a†j bk + b†j ak)

where Na =
m∑
j=1

a†j aj , Nb =
m∑
j=1

b†j bj .

The Hamiltonian admits a

set of mutually-commuting conserved operators.
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Quantum integrability

Explicitly, [C (y), C (z)] = 0 where

C (2p) =
m∑

j ,k=1

B2pjk (a†j ak + b†j bk),

C (2p + 1) = U

2p∑
i=0

D(2p, i) +
m∑

j ,k=1

B2p+1
jk (a†j bk + b†j ak)

with

D(2p, i) =



m∑
j ,k,r ,q=1

BijkB2p−irq (a†j aqa
†
rak + b†j bqb

†
r bk), i even,

m∑
j ,k,r ,q=1

(BijkB2p−irq + B2p−ijk Birq)a†j aqb
†
r bk , i odd.

Note that N = Na + Nb = C (0) and H = C (1)− U(I + C (0)).



Quotation Bosons on a lattice Results Methods Summary

Canonical transformation

Let X denote a unitary operator that diagonalises B, viz.
m∑

p=1

X †jpXpk = δjk ,

m∑
p,q=1

X †jpBpqXqk = εjδjk ,

with {εj : j = 1, ...,m} the spectrum of B. Introducing

ak =
m∑
j=1

Xkjcj , bk =
m∑
j=1

Xkjdj , a†k =
m∑
j=1

X †jkc
†
j , b†k =

m∑
j=1

X †jkd
†
j ,

leads to Na =
m∑
j=1

c†j cj = Nc , Nb =
m∑
j=1

d†j dj = Nd and

H = U(N2
c + N2

d − I ) +
m∑
j=1

εj(c
†
j dj + d†j cj).

Note that

N̂j = c†j cj + d†j dj are conserved operators; let Nj denote their

eigenvalues. Then
m∑
j=1

Nj = N is the total number of particles.
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Bethe Ansatz solution

The energy eigenvalues are

E = U(N2 − 1) + 2U
m∑
j=1

N∑
n=1

Njε
2
j

vn − ε2j

subject to the Bethe Ansatz equations

N∑
m 6=n

2vn
vn − vm

+

m∏
j=1

(vn − ε2j )Nj

4U2
N∏

m 6=n

(vn − vm)

= N − 1 +
m∑
j=1

Njε
2
j

vn − ε2j
.

for n = 1, . . . ,N.
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Pictorial representation I

Adjacency matrix

A =

 0 | B
− −
B | 0
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Pictorial representation II
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Quantum integrability
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Pictorial representation III

Adjacency matrix

A =

 0 | B
− −
B | 0

 , det(λI − B) = λ5 − 2λ4 − 5λ3 + 5λ2 + 5λ− 3
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Pictorial representation IV
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Unsolvability

Acting on Fock space, the Hamiltonian

H = U(N2
a + N2

b − I ) +
m∑

j ,k=1

Bjk(a†j bk + b†j ak)

commutes with the number operator N = Na +Nb. It can be block-

diagonalised as H =
∞⊕
N=0

H(N ).

Now, H(1) acts on a space of

dimension 2m, and is represented as

H(1) ∼=

 0 | B
− −
B | 0

 ∼=
 B | 0
− −
0 | −B


where the last expression is symmetry-adapted to aj ↔ bj . If the
operator B is not exactly solvable, then H is not exactly solvable.
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Some ancestors

In 1891 Cantor published the “diagonal argument” to prove
that the elements of an interval of R, e.g. [0, 1], cannot be
put into one-to-one correspondence with N. This gave rise to
the concept that the set of elements in [0, 1] is uncountable.

In 1905 Richards applied the diagonal argument to formulate
a paradox regarding elements in R that are undefinable.

In 1927 Borel introduced the notion that there exist elements
in R that are uncomputable.

In 1929 Gödel expanded on these ideas to show that there are
true statements in arithmetic that are unprovable.

In 1937 Turing demonstrated that the halting problem is
undecidable.
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Classical Yang-Baxter equation and quantum integrability

For r(u, v) =
n∑

j ,k,p,q=1

r(u, v)jpkqe
k
j ⊗ eqp the classical YBE reads

[r12(u, v), r23(v ,w)]− [r21(v , u), r13(u,w)] + [r13(u,w), r23(v ,w)] = 0.

Define the associated generalised Gaudin algebra with relations

[T j
k(u), T p

q (v)] =
n∑

µ=1

(
r jpkµ(u, v)Tµ

q (v)− r jµkq(u, v)T p
µ (v)

)
−

n∑
µ=1

(
rpjqµ(v , u)Tµ

k (u) + rpµqk (v , u)T j
µ(u)

)
.

This is an infinite-dimensional Lie algebra with defining
representation π given by

π(T j
k(u)) =

n∑
p,q=1

r jpkq(u, v)eqp .



Quotation Bosons on a lattice Results Methods Summary

Classical Yang-Baxter equation and quantum integrability

Assume also that

[r12(u, v), r21(v , u)] = [r t212(u, v), r t221(v , u)] = 0.

It is found that the transfer matrix

t(u) =
n∑

j ,k=1

T j
k(u)T k

j (u)

satisfies, for all u, v ∈ C, [t(u), t(v)] = 0. If B(u) satisfies

[B2(v), r12(u, v)] = [B1(u), r21(v , u)]

we can extend the defining representation to the tensor product
realisation

π̄(T j
k(u)) = B j

k(u)I +
M∑

m=1

n∑
p,q=1

r jpkq(u, vm)(Eq
p )m

where [E j
k , E

p
q ] = δpkE

j
q − δjqE

p
k .
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Classical Yang-Baxter equation and classical integrability

We also define the associated generalised Poisson algebra

{T j
k (u), T p

q (v)} =
n∑

µ=1

(
r jpkµ(u, v)T µq (v)− r jµkq(u, v)T p

µ (v)
)

−
n∑

µ=1

(
rpjqµ(v , u)T µk (u) + rpµqk (v , u)T j

µ(u)
)
.

Furthermore, set

(T (2))jk(u) =
n∑

l=1

T j
l (u)T l

k (u),

(T (r+1))jk(u) =
n∑

l=1

(T (r))jl (u)T l
k (u) =

n∑
l=1

T j
l (u)(T (r))lk(u),

t(r)(u) =
n∑

j=1

(T (r))jj(u) ⇒ {t(r)(u), t(s)(v)} = 0.
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Classical Yang-Baxter equation and integrability

Extend the defining representation to the tensor product realisation

π̃(T j
k (u)) = B j

k(u)I +
M∑

m=1

n∑
p,q=1

r jpkq(u, vm)(Eqp )m,

where {E jk , E
p
q } = δpkE

j
q − δjqE

p
k . Expanding t(s)(u) =

∑
j

t
(s)
j uj

leads to “Poisson-commuting” functions {t(r)j , t
(s)
k } = 0.

The problem to “lift” or “quantise” Poisson invariants t
(s)
j to

central elements of U(gl(n)) is well-studied with a long history,
e.g. Mishchenko and Fomenko (1978), Vinberg (1991), Feigin,
Frenkel, and Reshetikhin (1994), Tarasov (2002), Chervov,
Rybnikov, and Talalaev (2004), Skrypnyk (2007), Panyushev and
Yakimova (2021), . . .
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The specific example

Let P denote the permutation operator such that

P(x⊗ y) = y ⊗ x, x, y ∈ Cn.

Set r(u, v) =

(
1

u − v
I ⊗ I +

1

u + v
A⊗ A

)
P. It may be checked

that the classical YBE

[r12(u, v), r23(v ,w)]− [r21(v , u), r13(u,w)] + [r13(u,w), r23(v ,w)] = 0

holds provided A2 = I . Moreover, setting B(u) = uB then

[B2(v), r12(u, v)] = [B1(u), r21(v , u)]

holds provided AB = −BA. These conditions are satisfied by
choosing n = 2m and A = σz ⊗ I , B = σx ⊗ B for arbitrary
B ∈ End(Cm). This solutions leads to the conserved operators for
the integrable system described earlier.
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The specific example - in summary

Using r(u, v) from the previous slide, construct the realisation
of the generalised Poisson algebra with M = 1:

π̃(T j
k (u)) = B j

k(u)I +
n∑

p,q=1

r jpkq(u, v)Eqp

From higher-order transfer matrices t(s)(u), take the linear and
quadratic Poisson-conserved operators for s = 2, . . . , 2m + 1

t
(s)
s−1, s odd, t

(s)
s−2 s even.

Generalising the results of Vinberg shows that these operators
quantise to commuting elements of U(gl(2m)).
Map the elements E j

k of gl(2m) to operators on Fock space
through the Jordan-Schwinger map

E j
k 7→ a†j ak , j , k odd, E j

k 7→ a†j bk , j odd, k even,

E j
k 7→ b†j bk , j , k even, E j

k 7→ b†j ak , j even, k odd.
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The specific example - conserved operators

Explicitly, [C (y), C (z)] = 0 where

C (2p) =
m∑

j ,k=1

B2pjk (a†j ak + b†j bk),

C (2p + 1) = U

2p∑
i=0

D(2p, i) +
m∑

j ,k=1

B2p+1
jk (a†j bk + b†j ak)

with

D(2p, i) =



m∑
j ,k,r ,q=1

BijkB2p−irq (a†j aqa
†
rak + b†j bqb

†
r bk), i even,

m∑
j ,k,r ,q=1

(BijkB2p−irq + B2p−ijk Birq)a†j aqb
†
r bk , i odd.

Note that N = Na + Nb = C (0) and H = C (1)− U(I + C (0)).
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Summary

Motivated by an optical lattice set-up in a cavity, a model was
introduced for bosons on a two-dimensional square lattice
with long-range interactions.

The Hamiltonian, conserved operators, Bethe Ansatz solution
follow from the formulation of system through a solution of
the classical Yang-Baxter equation.

The system generalises to models on generic bipartite graphs.

The Bethe Ansatz equations are functions of the eigenvalues
of the (weighted) adjacency submatrix. If these eigenvalues
cannot be obtained exactly, then the Bethe Ansatz solution is
also not exact.

The result demonstrates that Yang-Baxter integrability does
not imply exact solvability.
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