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1.Basics



“Quantum computer”:

• device  with     qubitsn

basis:

“qubit” : 2-state system

|1i =
✓

0
1

◆
|0i =

✓
1
0

◆

basis:
<latexit sha1_base64="/rXgk5bhffEeQwTTEBu5qUgTDo4="></latexit>

xj 2 {0, 1}

<latexit sha1_base64="Mcq65mcb0ppz3oCeeg78Z1T6Gjo="></latexit>

x =
n�1X

j=0

xj2
j integer

<latexit sha1_base64="8p/rx2HWzzQ6NugyJFzXC0SYrmM="></latexit>

0  x < 2n

“computational basis”

binary bits

<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i
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Tensor products are often suppressed!

<latexit sha1_base64="div0QQyGg7CnfwffqINJb6jpnVM="></latexit>

|xin = |xn�1i · · · |x0i
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<latexit sha1_base64="Mcq65mcb0ppz3oCeeg78Z1T6Gjo="></latexit>

x =
n�1X

j=0

xj2
j integer

<latexit sha1_base64="8p/rx2HWzzQ6NugyJFzXC0SYrmM="></latexit>

0  x < 2n

•
<latexit sha1_base64="Krc/KveLvdkd66l6qvV38N5Gs9Q="></latexit>

|0i⌦n

•

Example: NOT

<latexit sha1_base64="g54saBZvlqYyFvumag5lU7RkXJ0="></latexit>

X = �x =

✓
0 1
1 0

◆ <latexit sha1_base64="aJzQTRXtesg0YxcNPKvB8FEub2s="></latexit>

X|0i = |1i
<latexit sha1_base64="Ki9HuyYL0iQDeOeFhe5gfkGhRxA="></latexit>

X|1i = |0i
<latexit sha1_base64="17Np09qjzuAcDOtVob40hDt1MaQ="></latexit>

X|xi = |x� 1i
<latexit sha1_base64="iRmgUyBWfMrvRKD72uf3D9vRlJo="></latexit>

x 2 {0, 1}
<latexit sha1_base64="P1yV2HBaXe4+Iv9g53GEYX+cTao="></latexit>� : addition mod 2

can perform unitary transformations on qubits (decomposed into 1-qubit & 2-qubit unitary “gates” )

can initialize each qubit

“computational basis”

binary bits

<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i
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<latexit sha1_base64="Krc/KveLvdkd66l6qvV38N5Gs9Q="></latexit>

|0i⌦n

•

Example: Hadamard

can perform unitary transformations on qubits (decomposed into 1-qubit & 2-qubit unitary “gates” )

can initialize each qubit

“computational basis”

binary bits

<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i

<latexit sha1_base64="d4mz59p6Wfpa3/sh2Ols4Lq9QBs="></latexit>

H =
1p
2
(X + Z)

<latexit sha1_base64="zu+bU/XMsbFmu0uA4jXAcdPtuPU="></latexit>

H|0i = 1p
2
(|0i+ |1i)

H|1i = 1p
2
(|0i � |1i)

<latexit sha1_base64="nofF42OlNaiE1icT36Wtn9wJUEw="></latexit>

=
1p
2
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1 1
1 �1

◆
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Example: CNOT
<latexit sha1_base64="P1yV2HBaXe4+Iv9g53GEYX+cTao="></latexit>� : addition mod 2

<latexit sha1_base64="pz2L2FdA/DTCX6KWuPxfXlHi/a0="></latexit>

CX |xi|yi = |xi|x� yi
<latexit sha1_base64="ykk1kiDTTht0kDYM1F6NfRSrZ8Q="></latexit>

x, y 2 {0, 1}

“control” does not change

“target” changes to 
<latexit sha1_base64="K0+miEkyjo9L+h6wWpWuFRdOlAw="></latexit>

x = 1if
<latexit sha1_base64="0ue2WtuZsK8nbaScAmmM2ko2Vcs="></latexit>

X|yi
can perform unitary transformations on qubits (decomposed into 1-qubit & 2-qubit unitary “gates” )

can initialize each qubit

“computational basis”

binary bits

<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i



“Quantum computer”:
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basis:

“qubit” : 2-state system
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“computational basis”

basis:
<latexit sha1_base64="/rXgk5bhffEeQwTTEBu5qUgTDo4="></latexit>

xj 2 {0, 1}

<latexit sha1_base64="Mcq65mcb0ppz3oCeeg78Z1T6Gjo="></latexit>

x =
n�1X

j=0

xj2
j integer

<latexit sha1_base64="8p/rx2HWzzQ6NugyJFzXC0SYrmM="></latexit>

0  x < 2n

• can initialize each qubit
<latexit sha1_base64="Krc/KveLvdkd66l6qvV38N5Gs9Q="></latexit>

|0i⌦n

• can perform unitary transformations on qubits (decomposed into 1-qubit & 2-qubit unitary “gates” )

• can perform projective measurements of

binary bits

<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i

<latexit sha1_base64="UtRw2uXXYASb+RYm2AeCpuQwYVU="></latexit>

| in =
X

0x<2n

↵x|xi 7! |xi

probability
<latexit sha1_base64="320/dR2wR4J4QTop0GhlcbtMDG8="></latexit>

|↵x|2

<latexit sha1_base64="2zyWUXPTpQ7Gv0u+iJJ4r8TzPeM="></latexit> X

0x<2n

x|xihx|

“quantum circuit”

<latexit sha1_base64="1Ql46OVeF4NLIQegEm4pM6c3aD8="></latexit>|
{z

}



“Circuit diagrams”:

•

<latexit sha1_base64="ua0FoG2Y4oRjJUU5dOfpN5nyRgk="></latexit>

|x0i

<latexit sha1_base64="bZjWztQvK7WrLpSQNmLTnMxdxOI="></latexit>

|xn�1i

<latexit sha1_base64="+RuqcpghGLI6YK199skYSRLX98g="></latexit>...

• represent gates symbolically:

Examples:
<latexit sha1_base64="S3T8qRIajy68IAkGb5r8sEUeqfs="></latexit>

X

<latexit sha1_base64="S3T8qRIajy68IAkGb5r8sEUeqfs="></latexit>

X<latexit sha1_base64="M9g5CSNudg0hOyjDzH878coU584="></latexit>

CX

<latexit sha1_base64="S3T8qRIajy68IAkGb5r8sEUeqfs="></latexit>

X

•

“control”

•

<latexit sha1_base64="AxT0YT98hfqDK9BcmhsYbC49QC8="></latexit>=

<latexit sha1_base64="AxT0YT98hfqDK9BcmhsYbC49QC8="></latexit>=
<latexit sha1_base64="IkTQHI+577fiFH5sJuGztC1XRuU="></latexit>

|xin
<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i

represent qubits by horizontal “wires” :



• represent qubits by horizontal “wires” :

<latexit sha1_base64="ua0FoG2Y4oRjJUU5dOfpN5nyRgk="></latexit>

|x0i

<latexit sha1_base64="bZjWztQvK7WrLpSQNmLTnMxdxOI="></latexit>

|xn�1i

<latexit sha1_base64="+RuqcpghGLI6YK199skYSRLX98g="></latexit>...

• represent gates symbolically:

<latexit sha1_base64="AxT0YT98hfqDK9BcmhsYbC49QC8="></latexit>=
<latexit sha1_base64="IkTQHI+577fiFH5sJuGztC1XRuU="></latexit>

|xin
<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n<latexit sha1_base64="W//YLzxWdO/7a1ZaraQwwQns3TQ="></latexit>

|xin = |xn�1i ⌦ · · ·⌦ |x0i

• “time” flows to the right:

<latexit sha1_base64="UTGAeE6gV+5fcWhlRvTu0naxqXw="></latexit>

V U | in
<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n<latexit sha1_base64="gjyFL1GlWmCDQshFiZb1xbGHi8M="></latexit>

| in <latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="K9UnoLAfijCXEpNpM/knnzX0MEc="></latexit>

V

“Circuit diagrams”:

timetime



Currently: n ⇠ 102

Dream: n ⇠ 104 fault-tolerant

n ⇠ 30

IBM, Google, … “noisy” - make many errors! 

In the meantime, can test algorithms (“quantum circuits”) using noiseless simulators

Noisy Intermediate-Scale Quantum era

e.g.  IBM Qiskit simulators



2. Some “textbook” quantum algorithms



-bit integer<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n
<latexit sha1_base64="2Ng4KDvM5rFSUIMcCAprWeVkJP4="></latexit>x :

<latexit sha1_base64="jIIZFK38v4mltkz/ZdtkH2Wk7t8="></latexit>

f(x) : -bit integer<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n
<latexit sha1_base64="KwVBtDYu0GS3yHfsolK2F3XsYnM="></latexit>

f(x) = f(x� a) for all <latexit sha1_base64="Y9amhNvh4L7k78gmKME5pQhWAyA="></latexit>x “periodic”

<latexit sha1_base64="Y9amhNvh4L7k78gmKME5pQhWAyA="></latexit>x
<latexit sha1_base64="a2u7E4VPBb8B88twwSgqhYMLp/c="></latexit>

f(x)

oracle 
(“black box”)

<latexit sha1_base64="P1yV2HBaXe4+Iv9g53GEYX+cTao="></latexit>� : bitwise addition mod 2

<latexit sha1_base64="5HzHJDT/Fo0g99mYsf+0YCITdi8="></latexit>

5� 3 :
<latexit sha1_base64="E1iP7bmocO0Vf/VnQaxZIRIQ4Yw="></latexit>

1012

<latexit sha1_base64="AahnIUgbkLVQb20mVSLEYwMnHrc="></latexit>

1102
<latexit sha1_base64="QQWsmlsXx0Gfm4wT620SJLf/BWU="></latexit>

= 6

Classical: call oracle ~
<latexit sha1_base64="0TGNtj0MhvHVAupMS9V1kB2IqmA="></latexit>

2n/2 times

Quantum: call oracle ~ times<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n Exponential advantage!

The problem: find the period  <latexit sha1_base64="v5zYtEOteGZKJpjlCa2mCGq1irg="></latexit>a

Simon•

<latexit sha1_base64="XbHQ2CwSB0joda5y+mIZQxbc2sE="></latexit>� 0112



Unitary 
<latexit sha1_base64="QYKXH9opeubeMKS3N4IfkGDbmMs="></latexit>

Uf
<latexit sha1_base64="k+WLY/gZX8r79lUhkhvY3C+9hIM="></latexit>

Uf (|yin|xin) = |y � f(x)in|xin for all -bit integers<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

quantum implementation of oracle

<latexit sha1_base64="IJrIUO4qTOghjErOMIomUfXUYgE="></latexit>�
I⌦n ⌦H

⌦n
�
Uf

�
I⌦n ⌦H

⌦n
�
|0in|0in

<latexit sha1_base64="je6iX31OkUc/1c5yHjeFfJ1BXdI="></latexit>x, y

<latexit sha1_base64="Krc/KveLvdkd66l6qvV38N5Gs9Q="></latexit>

|0i⌦n

<latexit sha1_base64="Krc/KveLvdkd66l6qvV38N5Gs9Q="></latexit>

|0i⌦n

<latexit sha1_base64="tP0J69639VZ/2PHmJp5LsQttK5M="></latexit>

H
⌦n

<latexit sha1_base64="UbBkrBMGRf29jxQYbso8R3cZy6Q="></latexit>

Uf

<latexit sha1_base64="tP0J69639VZ/2PHmJp5LsQttK5M="></latexit>

H
⌦n

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

<latexit sha1_base64="4Hm8dXRDzePdw8O6yVhHfPW4I1g="></latexit>

= · · · = 1

2n�1

X

x

X

a·y=0

(�1)x·y|f(x)in|yin <latexit sha1_base64="tjlFNj5ttnNN8fRKCqTQvdnjzYU="></latexit>

x · y ⌘
n�1M

j=0

xj yj = x0 y0 � x1 y1 � · · ·� xn�1 yn�1 2 {0, 1}

Measure “top”  qubits<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

We learn a (random) value of    satisfying
<latexit sha1_base64="LUAJ8TyaA+tnlnQ5WzeRcmGAWZ0="></latexit>y

<latexit sha1_base64="wWRHM7NtzvFpAJh93JLDI/77YZI="></latexit>

a · y = 0

Can determine  with ~   such -values!<latexit sha1_base64="v5zYtEOteGZKJpjlCa2mCGq1irg="></latexit>a <latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n
<latexit sha1_base64="LUAJ8TyaA+tnlnQ5WzeRcmGAWZ0="></latexit>y ( ~  equations for    unknowns                           )<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n <latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

<latexit sha1_base64="Cyu2yOHa0fNrRPLhAob4vve6xBg="></latexit>a0, a1, . . . , an�1

“classical post-processing”



Implementing  
<latexit sha1_base64="QYKXH9opeubeMKS3N4IfkGDbmMs="></latexit>

Uf

Example:

<latexit sha1_base64="jhYUfMBMWPxnI5nV9ZuRs1t+zQs="></latexit>

f(x) =

(
x� a if xJ = 0

x if xJ = 1
where  is least index such that 

<latexit sha1_base64="Iwbj8SPMxlkrzPzSNcdFjuE1hZY="></latexit>

J
<latexit sha1_base64="4tjKIl11ciuP5UrmZaYGa2g0v4I="></latexit>

aJ = 1

<latexit sha1_base64="RCOxxcao6mPnQG7u3wEnjj263Iw="></latexit>

n = 4 , a = 9 = 10012Taking
<latexit sha1_base64="nBy8DoshnUWrxpOWUfm1b7SvVOs="></latexit>

J = 0
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)

<latexit sha1_base64="KwVBtDYu0GS3yHfsolK2F3XsYnM="></latexit>

f(x) = f(x� a)

0123



Implementing  
<latexit sha1_base64="QYKXH9opeubeMKS3N4IfkGDbmMs="></latexit>

Uf

Example:

<latexit sha1_base64="jhYUfMBMWPxnI5nV9ZuRs1t+zQs="></latexit>

f(x) =

(
x� a if xJ = 0

x if xJ = 1
where  is least index such that 

<latexit sha1_base64="Iwbj8SPMxlkrzPzSNcdFjuE1hZY="></latexit>

J
<latexit sha1_base64="4tjKIl11ciuP5UrmZaYGa2g0v4I="></latexit>

aJ = 1

<latexit sha1_base64="RCOxxcao6mPnQG7u3wEnjj263Iw="></latexit>

n = 4 , a = 9 = 10012Taking
<latexit sha1_base64="nBy8DoshnUWrxpOWUfm1b7SvVOs="></latexit>

J = 0
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>) <latexit sha1_base64="Zyu4yVTWTnlzHfcnWpgLQUtawZA="></latexit>)

<latexit sha1_base64="da2VhIZQbfbRrHrFqDflU3/ZT08="></latexit>

f(x) =

(
x� 10012 if x0 = 0

x if x0 = 1

<latexit sha1_base64="KwVBtDYu0GS3yHfsolK2F3XsYnM="></latexit>

f(x) = f(x� a)



Implementing  
<latexit sha1_base64="QYKXH9opeubeMKS3N4IfkGDbmMs="></latexit>

Uf

Example:

<latexit sha1_base64="jhYUfMBMWPxnI5nV9ZuRs1t+zQs="></latexit>

f(x) =

(
x� a if xJ = 0

x if xJ = 1
where  is least index such that 

<latexit sha1_base64="Iwbj8SPMxlkrzPzSNcdFjuE1hZY="></latexit>

J
<latexit sha1_base64="4tjKIl11ciuP5UrmZaYGa2g0v4I="></latexit>

aJ = 1

<latexit sha1_base64="RCOxxcao6mPnQG7u3wEnjj263Iw="></latexit>

n = 4 , a = 9 = 10012Taking
<latexit sha1_base64="nBy8DoshnUWrxpOWUfm1b7SvVOs="></latexit>

J = 0
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)

<latexit sha1_base64="ua0FoG2Y4oRjJUU5dOfpN5nyRgk="></latexit>

|x0i
<latexit sha1_base64="aV5QWf0UV9OFdbawmxYKJ5DOmoQ="></latexit>

|x1i
<latexit sha1_base64="kS2FR94IyHZbxyL/PsoP3iPGQO0="></latexit>

|x2i
<latexit sha1_base64="y3wNSv44KNb9VcP3H0lKyb5fNK8="></latexit>

|x3i

<latexit sha1_base64="F9xKdk+WWWSpH50MryDUxB4xlXA="></latexit>

|y3i

<latexit sha1_base64="/eiZ/3dH0O95un4uD/aiWffckkU="></latexit>

|y2i

<latexit sha1_base64="RTI1l4KMiiuiofIvoTOkyxaqgmE="></latexit>

|y1i

<latexit sha1_base64="AdsU/V7oaKS78AHDhZuoXgFXyLE="></latexit>

|y0i

<latexit sha1_base64="ua0FoG2Y4oRjJUU5dOfpN5nyRgk="></latexit>

|x0i
<latexit sha1_base64="aV5QWf0UV9OFdbawmxYKJ5DOmoQ="></latexit>

|x1i
<latexit sha1_base64="kS2FR94IyHZbxyL/PsoP3iPGQO0="></latexit>

|x2i
<latexit sha1_base64="y3wNSv44KNb9VcP3H0lKyb5fNK8="></latexit>

|x3i

<latexit sha1_base64="k+WLY/gZX8r79lUhkhvY3C+9hIM="></latexit>

Uf (|yin|xin) = |y � f(x)in|xin

<latexit sha1_base64="Zyu4yVTWTnlzHfcnWpgLQUtawZA="></latexit>)
<latexit sha1_base64="da2VhIZQbfbRrHrFqDflU3/ZT08="></latexit>

f(x) =

(
x� 10012 if x0 = 0

x if x0 = 1

<latexit sha1_base64="1Ql46OVeF4NLIQegEm4pM6c3aD8="></latexit>

|
{z

}

<latexit sha1_base64="KwVBtDYu0GS3yHfsolK2F3XsYnM="></latexit>

f(x) = f(x� a)

for all -bit integers<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n <latexit sha1_base64="je6iX31OkUc/1c5yHjeFfJ1BXdI="></latexit>x, y

<latexit sha1_base64="XUmGSgIcQIOTYW7Z1fv5P6cw++w="></latexit>

=

(
|y � x� 10012i4 if x0 = 0

|y � xi4 if x0 = 1

<latexit sha1_base64="eB4t2A1jkxU1umNbKd7jGAkbI6Y="></latexit>

= |y � f(x)i4 <latexit sha1_base64="L8bQZKzZg1C3/UVln4KKJ1DAJ+Q="></latexit>X



circuit size and depth

circuit size:  number of elementary gates
<latexit sha1_base64="wp98ppt0lIKsLcBB+r1+TCl7btI="></latexit>

= 8



circuit size and depth

circuit size:  number of elementary gates
<latexit sha1_base64="wp98ppt0lIKsLcBB+r1+TCl7btI="></latexit>

= 8

circuit depth:  number of time steps

timetime

<latexit sha1_base64="5CSFk5VerQoIp0+DOXo/8wCEi2Y="></latexit>

= 4

In the NISQ era, most attention is on circuits whose size and 
depth does not grow too rapidly with the number of qubits



Remarks  

•

• This is a precursor to Shor’s algorithm, which finds the period under ordinary addition

Simon’s algorithm is contrived & useless, but it is a simple example of an algorithm with an exponential advantage

efficient factorization breaking RSA encryption
<latexit sha1_base64="aOGzSSktFZ9D/n08L34oRNR1xPA="></latexit>

N = pq



• Quantum Fourier Transform

<latexit sha1_base64="tYRVgSTBkYn0OqWW1mt6TLaNqAs="></latexit>

UFT |xin =
1

2n/2

2n�1X

y=0

e2⇡ixy/2
n

|yin
<latexit sha1_base64="8p/rx2HWzzQ6NugyJFzXC0SYrmM="></latexit>

0  x < 2n unitary 

<latexit sha1_base64="8m1gmGLGnvUC2UZPkpzmrgFPLbw="></latexit>

n = 1 :
<latexit sha1_base64="zFc/wNPOrSqmAnkrmn3xsEpKD40="></latexit>

UFT |xi =
1p
2

�
|0i+ e⇡ix|1i

�

<latexit sha1_base64="65NytUUInC8RoOJOKRaxTuQ2zUo="></latexit>

(�1)x

<latexit sha1_base64="M6jdcm1UfItqL/CcEhXi9GF/ISc="></latexit>|{z}

<latexit sha1_base64="AiDXOvMTh8p1sczQzpy9uDdX5Bk="></latexit>

= H|xi <latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)
<latexit sha1_base64="Yjg7SG6a0wP8o0SXsobpw9/mE6w="></latexit>

UFT = H

<latexit sha1_base64="VxE6Czn/WDM3gWalm53+Bss2RT4="></latexit>

n = 3 :

Examples:



• Quantum Phase Estimation (QPE)

Unitary   , eigenvector 
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

<latexit sha1_base64="DrGKDB0vcPd4XvJtvXDcKFxp8iE="></latexit>

U | i = ei✓| i
<latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓ real QPE:  given  and , estimate  
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i <latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓

Baby version:
<latexit sha1_base64="ARJX83ML4vb4dG4LEvABhy7SO1M="></latexit>

|0i

<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

•<latexit sha1_base64="H3qjUWoXMUOioWmd1YF+RWnfsHQ="></latexit>

H
<latexit sha1_base64="H3qjUWoXMUOioWmd1YF+RWnfsHQ="></latexit>

H

<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U

“ancillary” (extra) qubit

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

“Hadamard test”



• Quantum Phase Estimation (QPE)

Unitary   , eigenvector 
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

<latexit sha1_base64="DrGKDB0vcPd4XvJtvXDcKFxp8iE="></latexit>

U | i = ei✓| i
<latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓ real QPE:  given  and , estimate  
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i <latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓

Baby version:
<latexit sha1_base64="ARJX83ML4vb4dG4LEvABhy7SO1M="></latexit>

|0i

<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

•<latexit sha1_base64="H3qjUWoXMUOioWmd1YF+RWnfsHQ="></latexit>

H
<latexit sha1_base64="H3qjUWoXMUOioWmd1YF+RWnfsHQ="></latexit>

H

<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U

Controlled version of   
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

“Hadamard test”



• Quantum Phase Estimation (QPE)

Unitary   , eigenvector 
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

<latexit sha1_base64="DrGKDB0vcPd4XvJtvXDcKFxp8iE="></latexit>

U | i = ei✓| i
<latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓ real QPE:  given  and , estimate  
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i <latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓

Baby version:
<latexit sha1_base64="ARJX83ML4vb4dG4LEvABhy7SO1M="></latexit>

|0i

<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

•<latexit sha1_base64="H3qjUWoXMUOioWmd1YF+RWnfsHQ="></latexit>

H
<latexit sha1_base64="H3qjUWoXMUOioWmd1YF+RWnfsHQ="></latexit>

H

<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U

1 2 3 4 5

1:

2:

3:

4:

5:

<latexit sha1_base64="ZxJde18UA2aNIwzl1EanfYz4B3E="></latexit>

| i|0i
<latexit sha1_base64="Xy292CjOEfNp5JF+VqRkaDyEtXc="></latexit>

| i 1p
2
(|0i+ |1i)

<latexit sha1_base64="Geti/Q4UI5Dsk9Ye/mNWVSCgGc4="></latexit>

=
1p
2
(| i|0i+ | i|1i)

<latexit sha1_base64="iUtw27T1hqflcZfIOmjY25IIS4M="></latexit>

1p
2
(| i|0i+ U | i|1i)

<latexit sha1_base64="M6jdcm1UfItqL/CcEhXi9GF/ISc="></latexit>|{z}
<latexit sha1_base64="Wd6+4qdLSBPlmgV9dz9just0HvA="></latexit>

ei✓| i

<latexit sha1_base64="vK/zY1TkoRN8KOdXCxxyqR/LNaI="></latexit>

1p
2


| i 1p

2
(|0i+ |1i) + ei✓| i 1p

2
(|0i � |1i)

�

<latexit sha1_base64="8VBghYeyfQH15fw1WBT9pRjSGh0="></latexit>

= | i
⇥
1
2

�
1 + ei✓

�
|0i+ 1

2

�
1� ei✓

�
|1i

⇤

<latexit sha1_base64="A68L9qTyVFAk72khnFye0BwDqJM="></latexit>

p(0) = | 12
�
1 + ei✓

�
|2 = cos2(✓/2)

p(1) = | 12
�
1� ei✓

�
|2 = sin2(✓/2)

But need many “shots” (trials) to get good precision

!

☹

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

“Hadamard test”



Better: use more ancillary qubits! [Kitaev]

3 Quantum phase estimation

QPE is another important quantum algorithm with many uses, including an elegant formu-
lation of Shor’s celebrated period-finding algorithm [7]. Given a unitary operator U and an
eigenvector | i, whose corresponding eigenvalue necessarily has the form e

i↵ with ↵ real,

U | i = e
i↵| i , (3.1)

QPE provides an estimate for ↵. A key ingredient of QPE is the quantum Fourier transform,
which we recall (see e.g. [6]) is defined by

UFT |xi = 1

2
n
2

2n�1X

y=0

e
2⇡ixy
2n |yi , 0  x < 2n , (3.2)

and which can be shown to be written more explicitly as

UFT |xi = 1

2
n
2

⇣
|0i + e

2⇡ix
2 |1i

⌘
⌦ . . . ⌦

⇣
|0i + e

2⇡ix
2n�1 |1i

⌘
⌦
⇣
|0i + e

2⇡ix
2n |1i

⌘
. (3.3)

The QPE circuit diagram, with t auxiliary qubits, is shown in Fig. 3.

. . .

. . .

...

. . .

. . .

. . .

|0i⌦m

H

U
�1
FT

H

H

H

| i U
20

U
21

U
2m�2

U
2m�1

Figure 3: Circuit diagram for QPE

At slice 1, one can check with the help of (3.3) that the circuit is in the state

| iUFT |2
t
↵

2⇡
i . (3.4)

At slice 2, after applying the inverse quantum Fourier transform, the state becomes simply

| i |2
t
↵

2⇡
i . (3.5)

Thus, the measurement of the ancillary qubits gives an integer j that is within 1/2 of 2t↵
2⇡ .

This estimate can be improved by increasing the value of t.

5

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n

<latexit sha1_base64="VmkZpEr5XTuuZ79lpycY6ak0ZN0="></latexit>

| i|2
m✓

2⇡
im1:

1

Measurement gives integer closest to 
<latexit sha1_base64="iDk1oXJAIhmEgthBuZ8cjoOHU8k="></latexit>

2m✓

2⇡

QPE

increasing  <latexit sha1_base64="+zD8GVqIxGLISgyLEtx3v1QxKBI="></latexit>m increasing precision of estimate of    
<latexit sha1_base64="pIi0/S4aKAQhx9Vj7f50xlIXO7I="></latexit>

✓
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)



Remarks  

• If     is not an eigenstate of  , then the measurement projects  to an eigenstate of 
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i <latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U
<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i <latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U

• Can regard Shor’s algorithm as QPE with a particular choice of   
<latexit sha1_base64="VxhtE8S1u2i0NYG4SPGcEO+DY2c="></latexit>

U



3.  Towards physics applications



Scaling of resources needed to simulate a spin-1/2 chain with L spins (qubits):

•

• potential exponential advantage!

(Hilbert space dimension is 2L )Classical computer: exponential in L

Quantum computer: linear in L

Naive observation:

… but it’s not so simple



Quantum state preparation•

 - next lecture!

How to prepare a given quantum state (say, an eigenstate of a Hamiltonian) on a quantum computer?

Applications: computing correlation functions, entanglement entropy, etc. in this state



Variational Quantum Eigensolver (VQE)•

Hybrid quantum/classical algorithm for estimating the ground-state energy  of a Hamiltonian 
using the variational theorem

<latexit sha1_base64="E246Yd9ESXwzpgVcQ2hZceV///8="></latexit>

E0 H

iteration:

quantum h (~✓(n))|H| (~✓(n))i

~✓(n) ! ~✓(n+1)classical

~✓(0)

normalized trial state | (~✓)i  parameters ~✓

variational theorem
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)

<latexit sha1_base64="IxeZs4zU/ifCWZm8X2l2YpxSWwY="></latexit>

hHi � E0

challenge: find suitable trial state



Quantum dynamics•

<latexit sha1_base64="NVNHcd9Dm/CKAGJcoLq0WqOJAZY="></latexit>

| (t)i = e�iHt| (0)i

• Suzuki-Trotter formulas

• “Integrable  Trotterization”

•

<latexit sha1_base64="+RuqcpghGLI6YK199skYSRLX98g="></latexit>...

How to implement on a quantum computer?

Linear combination of unitaries/ Taylor expansion

Time evolution of a quantum system

( assume Hamiltonian  is time-independent)H



Suzuki-Trotter

first-order Suzuki-Trotter

<latexit sha1_base64="+RuqcpghGLI6YK199skYSRLX98g="></latexit>...

• Divide evolution into time slices

•
<latexit sha1_base64="GcMecouX9rlcusl4zf0zUjnbAvo="></latexit>

H =
X

j

hj

error ~ 

<latexit sha1_base64="MvZRpLopcrFPMQyJyitq+nSNxes="></latexit>

e�iHt =
⇣
e�iHt/n

⌘n
=

�
e�iH⌧

�n
, ⌧ = t/n

<latexit sha1_base64="K3/p8PseVNHYkSq+UgqL2DzXWJE="></latexit>

e�iH⌧ = e�i⌧(
P

j hj) ⇡
Y

j

e�i⌧hj
<latexit sha1_base64="prp0LZrkzpKsS7mMobhs+9keaeA="></latexit>

O(⌧2)



Linear combination of unitaries/ Taylor expansion

• Suppose

•

   ’s  unitary
<latexit sha1_base64="73CfZxKOfP+sVwS+8UAPdPZIuhQ="></latexit>

hj

<latexit sha1_base64="3OMstF3IuX7dcMHLtU3tWbZ8SGg="></latexit>

H =
X

j

↵jhj

Taylor expand

• Divide evolution into time slices

<latexit sha1_base64="jWXRPrxkxwyJbtL2al8xfZ8tXE4="></latexit>

(⇤)

<latexit sha1_base64="jWXRPrxkxwyJbtL2al8xfZ8tXE4="></latexit>

(⇤) <latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)

Linear combination of unitaries
<latexit sha1_base64="Qxf9FkiDntLVqudIGdkvoa8ddsE="></latexit>

U =
X

x

�xVx

Introduce ancilla qubits, and prepare in state
<latexit sha1_base64="V4xUh8Bl/O9WyWHj62LBD22bgT0="></latexit>

V (|xi| i) = |xiVx| i
<latexit sha1_base64="+VPZKgYpzR/YHtbQijVbSm6hc+o="></latexit>

B|0i = 1p
s

X

x

p
�x|xi , s =

X

x

�x

Define

IF measurement gives          , then  

1:

<latexit sha1_base64="MIeveRxUS16O84CIlF2zIM6sr7g="></latexit>

|0im
<latexit sha1_base64="ARJX83ML4vb4dG4LEvABhy7SO1M="></latexit>

|0i

<latexit sha1_base64="t2ehy9/fhJbZS+RqzVIlhhcl/wk="></latexit>

| i

<latexit sha1_base64="U36WLxofuBVsa6WX4zyjL2e9REE="></latexit>

B
<latexit sha1_base64="wRT5pfGFS4vJ0ceneuwF/oiY36I="></latexit>

B†

<latexit sha1_base64="cmUXhgF8VZWeFS6nPWn2E7zFIqM="></latexit>V

<latexit sha1_base64="+zD8GVqIxGLISgyLEtx3v1QxKBI="></latexit>m

1

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n
<latexit sha1_base64="1WJbYBLeSEK7QlDL+t/5jMQWaD4="></latexit>

U | in|0im probabilistic

<latexit sha1_base64="MvZRpLopcrFPMQyJyitq+nSNxes="></latexit>

e�iHt =
⇣
e�iHt/n

⌘n
=

�
e�iH⌧

�n
, ⌧ = t/n

<latexit sha1_base64="4QyhhtocqFZOBanvPmEG9cdhrHg="></latexit>

e�iH⌧
⇡

KX

k

1

k!
(�i⌧H)k

<latexit sha1_base64="vkMicZwxWj/yMGc1cGdsbvb2daA="></latexit>

e�iH⌧ ⇡
KX

k

X

j1,...,jk

1

k!
(�i⌧)k ↵j1 · · ·↵jkhj1 · · ·hjk

ancillas



“Integrable Trotterization”

•

Divide evolution into time slices
<latexit sha1_base64="MvZRpLopcrFPMQyJyitq+nSNxes="></latexit>

e�iHt =
⇣
e�iHt/n

⌘n
=

�
e�iH⌧

�n
, ⌧ = t/n

For integrable Hamiltonian, say, XXX:

•
<latexit sha1_base64="43o4GO0sqbx9qmGoGUUFxczOK8c="></latexit>

e�iH⌧ ⇡ Ue(⌧)Uo(⌧)

<latexit sha1_base64="cs/KF+nHZZ9mqwc0ir5SfiO6f+0="></latexit>

Uo(⌧) =

L/2Y

j=1

V2j,2j+1(⌧) , Ue(⌧) =

L/2Y

j=1

V2j�1,2j(⌧) “brickwork” circuit

timetime

<latexit sha1_base64="w1g7E4P1sTA7J5HruL2KRZtNkPk="></latexit>

= Ř(� tan(⌧/2)) , Ř(u) =
I+ iuP
1 + iu

<latexit sha1_base64="iRFXsQKDgXJ4LE+O0TfOl7GuUl0="></latexit>

H = 1
4

L�1X

j=1

(~�j · ~�j+1 � I)

<latexit sha1_base64="cj7jEtVIxuB/1LVIiJbZQQcZymw="></latexit>

Vj,j+1(⌧) = e�
i⌧
4 (~�j ·~�j+1�I)

[Vanicat, Zadnik, Prosen 2017; Destri, DeVega 1987, …]



4. Conclusions



•  We are currently in the NISQ era;  quantum computers are advancing rapidly

•

•

Thank you for your attention!

 Quantum computers may have useful physics applications

Quantum mechanics can be exploited for computing


