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Painlevé equations



The Painlevé equations

Discovered by Painlevé, Gambier and their colleagues in the late
19th/early 20th centuries while studying

—d2W—F zwd—W
dz2 T dz

Painlevé |

ﬁ:6w2+z
z



The Painlevé equations P to Py

d?w 3
22 = 2w’ +zw + «
d?w 1 /dw\? 1dw aw? + 3. 0
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Special solutions of Painlevé equations

e Painlevé Ill, V, VI have algebraic solutions for certain values

of the parameters

e Painlevé II-V have solutions expressed in terms of the classical
special functions (Airy, Bessel, parabolic cylinder, Kummer
and hypergeometric functions) for certain values of the

parameters

e All but Painlevé | have rational solutions



Rational solutions of Painlevé equations

Rational solutions typically appear as

=az a n P(z)
w(z) = +b+dX| @)

where P(z) and Q(z) are polynomials and a, b constants

The P(z), Q(z) are usually determinants (often Wronskians) of
known polynomials

Prv | Generalised Hermite polynomials il 2]
Okamoto polynomials Rn(z), Sn(z) | Hn(2)
Generalised Okamoto polynomials ~ Qp »(2)
Pv | Generalised Laguerre polynomials T,(,,“,),(z) (1)
. . ’ Ly’(2)
Generalised Umemura polynomials U, 5(z; )




Wronskian Hermite Polynomials



Wronskian Hermite polynomials

Probabilists’ Hermite polynomials

Wronskian Hermite polynomials

WrlHs, Ho] = x*+3
Wrl[Hz, Hs, Ho, Hi] = x3(x® — x* — 7x? + 35)
Wr[Hi2, Ha, H3, Hi] = x'* —29x? 4+ 183 x1° 4 105 x®

—525 x5 — 4095 x* + 2205 x% + 315

where

Wi, ,...£] =D <dj_1 f>
rin, 12, Ir] = Det | ———1;
' dxi 1 1<ij<r



Wronskian Hermite polynomials

Rather than considering the labels h = (hy, ho, ..., h;), define the
Wronskian Hermite polynomial

H)\ = Wr[th, Hh2, coog Hh,]
with hy > hp > --- > h, > 0 in terms of the partition

)\:()\1,)\2,...,)\,):(hl—r+1,h2—r+2,...,hr)



Young diagram and hook lengths of partition

A =(7,5,4,3,2) is a partition of |A\| =21

N[O




Examples of WHP

(7.5,2,1) (43,1,1)

x3(x®—x*—7x2+35)

h A Hooks H,,
(3,2) (2,2) [3]2 x*+3
2|1
412
(5,42)  (3,3,2) aE x84+10x*—-15
1
7[4]2]1]
(7,4,2,1) (4,2,1,1) [4]1 x8—14x*—7
2
1]
7[4]3]1]
5(2]1
12
1]




Generalised Hermite polynomials

Generalised Hermite polynomials
Hun,n = Wrl{Hm1;} 5

are labelled by rectangular partitions A = (m")

Example

Hs 3 = Wr[Hs, He, H]

oo~
OO
N
N|W|H>
=N
.
.
.




Wronskian Laguerre Polynomials



Generalised Laguerre polynomials

)

Define the generalised Laguerre polynomial T,S,‘f,,(z) as the double
Wronskian

ditk ) it
T (2) = det [ i Lﬁ,ﬁ‘jn)(z)] »
J’ =

where Ls,a)(z) is the associated Laguerre polynomial

—Q LZ n
Lﬁ,“)(z) _z"e d

a ), 20

It would be more convenient if there was a Wronskian

representation.



Wronskian representation

From properties of Laguerre polynomials and discriminants

TiM2) = Wr (LiH(2), Lri(2), -, LGE(2))

The labelling partition is

A= ((m+1)7)



Schur representations

Define the elementary Schur polynomials p;(t) through

oo ] oo .
ij(t)xJ:exp thxJ , pj(t)=0 , j<O0
j=0 j=1

where pg(t) =1 and t = (t1, to,...). The Schur polynomial is

Sx(t) = det [PAJ-—&-k—j(t)}

r

Jik=1

Then
TY(2) = (1" V28 (1) , A=((m+1)"
with |
U=u+;+ = Z; Jj=12,



Generalised Laguerre polynomials

Define :I\'mv,,(z; @) as

n—1

+1
dzitk LS#Jrn)(—Z)

N ditk
T (2) = det

J,k=0

We note that
TN (=2) = T4)(2).

The generalised Laguerre polynomials also satisfy

m-+n =(—p—2n—2m—2
T (z) = (—1)mtmtll/el FEp=2nrzms2) (),

which follows from properties of Schur polynomials



Differential-difference and discrete equations

2
TR ORNE X DR v} 2T (dTH)
m+1,n—1 " m—1,n+1 d22 dz

m,n+1 m+1,n " m—1, s

() T(u+1) =D 704D _ (Tm@f

T(Nfl) T(#+1) T(H 1) T(MJFl) _ T(N) T(#)

mn+1 "m+1,n—1 = "m+1,n Tmin m+1,n * m,n
Toin ) Toia 1 = Totn T = Tl Tl

and

D, (T80 7)) = T4, T

where D, is the Hirota bilinear operator

df df
f _ =
D.(f-g) = F i



Differential-difference and discrete equations

2
TR ORNE X DR v} 2T (dTH)
m+1,n—1 " m—1,n+1 d22 dz

m,n+1 m+1,n " m—1, s

() T(u+1) =D 704D _ (Tm@f

T(Nfl) T(#+1) T(H 1) T(MJFl) _ T(N) T(#)

mn+1 "m+1,n—1 = "m+1,n Tmin m+1,n * m,n
Toin ) Toia 1 = Totn T = Tl Tl

and

D, (T80 7)) = T4, T

where D, is the Hirota bilinear operator

df df
f _ =
D.(f-g) = F i



Rational solutions of Py



Rational solutions of Py : Case (i) (Kitaev, Law & McLeod (1994))

d?w 1 n 1 dw\? ldw+ (w —1)? n B
- — - - - - ~ 0 7 w R
dz2 2w w—1 dz z dz z2 @ w

o 1
W Swiw 1)

+z w—1

has rational solutions when m, n, € Z, m > 1, and u constant for
_ 1,2 p_ 1 2 _
a=zm", f=—5(m+2n+1+p)°, y=p, 6 =-1/2

together with the solutions obtained through the symmetries

Sl : Wl(Z;Oévﬂv _Va_%) = W(_Z;OC7IB?PY7_%)
1
82 : WZ(Z; —ﬁa -, =7, —l) =
7 w(zia, 8,7, —-3)



Rational solutions of Py : Cases (ii) and (iii) (Kitaev, Law &
McLeod (1994))
Pv also has rational solutions when
a=3(m+p)? B=-3(n+eu)’, y=m+en, §=-1/2
with e = £1 and
a=3(m+3)% B==3(n+3)% y=p §=-1/2
provided that m £ 0 or n £ 0

Case (i) solutions are written in terms of generalised Laguerre
polynomials

Cases (ii) and (iii) solutions are written in terms of generalised
Umemura polynomials



Rational solutions of Py in case (i)

The function

T(M)l (2) Tr(n}i)l,nﬂ(z)

m—1,n

T2 T, 1 (2)

m,n>1

Wm,n(z; 1) =

is a rational solution for the parameters

Om,n = %m27 ,Bm,n: —%(m—|—2n+1+,u)2, Ym,n = M

Alternatively

mdz

z d {In T,E,’Qz,n+1(z)} z—m—2n—1—pu

SESCIE) BT m



Rational solutions of Py in case (i)

The function

Tr(nu—)l,n(z) Tr;“—)l,n—l—l(z)
TN Ty sl)

m—

m,n>1

Wm.n(z; p) =

is a rational solution for the parameters

Omp = %mza /Bm,n: _%(m+2”+1+ﬂ)2a Ym,n = M




The function

2 (G ()
Tnnii(2) T8, 101(2)

is a rational solution for the parameters

m.n>1

) —

Wm,n(zi p) =

Oémm = %mZ, Bmm = —%(m + 2n -+ 1 + /.L)2, ’}/m’n =—u



Non-uniqueness of rational solutions of Py

Kitaev, Law and McLeod (94): rational solutions of Py are unique
when u & 7



Non-uniqueness of rational solutions of Py

Kitaev, Law and McLeod (94): rational solutions of Py are unique
when u & 7

Theorem
If w =k with k € Z and k > —n, then

Wm,n(z; k) and Wi, niik(2; —k)
both satisfy Pv; for the parameters

a=1im?,  B=-i(m+2n+k+1)? y=k



Example 1

The rational functions

(z —3)(z2 — 8z +20)
(- 2)(z—6)

(22 + 4z + 6)(2> + 922 + 36z + 60)
744+ 1228 45422 + 962+ 72

wii(z;1) = —

wio(z;—1) =
are both solutions of Py with parameters

a=1/2, B =-25/2, vy=1



Example 2

The rational functions

(z—1)(z° — 4z + 6)
(22 — 4z + 2)

wii(z,—1) = —
wio(z;1)=2z+3
are both solutions of Py with parameters

a=1/2, f=-9/2, y=-1



Example 2 ctd

Solutions arise from a special function solution of Py as a
determinant of Bessel functions through appropriate choice of the
arbitrary constants C7, G at the relevant parameter values:

—C3(2—4z+2)e¥” — CIG(B + 22 + 4z — 4)e? — 2CF
w

- C3z—1)(z2 — 4z +6)e*z — C1Cy(22 + 8z — 12)e? — 2C3(z + 3)



The partition is more than a label



Generalised Laguerre polynomials

Recall

TH2) = Wr (L (@), L (@), Lt (2))

is associated with the partition A = ((m + 1)")

Example m=3,n=5

N[~ (O1|O
N (W[~

EN (Sl el N [ee]
W |C1|O (N




Coefficients of general Wronskian of Laguerre polynomials

Define

Q) (2) = wr (L(2), L0(2), .. L (2)).




Continued

£(p) hpj =4
Wi — (- WHWP[I(]I ) — kot ()

< TI o—l—k—a—am0

ke{0,1,....0(p)—1}\h,



Coefficients of T./)(z)

Tﬁ“)(z) = (zn(m+1) —n(m+1)(p+ m+n+1)z"(m+1)*1

oo (1T (et h)
h€H m,n



((m+1)"

Hooks of )\

81716|5
716154

6/5(4|3
514|3|2
413(2]1

Example m=3,n=5




Hooks of \ = ((m+ 1)"

Example m=3,n=5

\S2[OV] B (€3] (@)
—IN|(W[H~ O

EN[Eal[e)l ] [ee]
Wl |0|O (N

The hook multiset of A = ((m+1)" is

(kP U{kP YR U{kP Y, n>m,
m,n -
{kPYe_  U{kPY A LU {kPYAE n<m,
where

pp=k , p=m+1 , pp=n , pp=m+n+l-k

are the multiplicities of the hooks in each respective set



Discriminants

Recall that a monic polynomial f(x)

f(X) = Xd =+ ad,lxd_l + ...+ aix + ao,

with roots aq, ag, ..., ay € C has discriminant
Dis(f) = J[ (o —w)?
1<j<k<d

generalising the case when d = 2 and
Dis(f) = (Oél — a2)2 = af — 480

since



Discriminant of generalised Hermite polynomials

The discriminant Dp, , of Hpy, p is (Roberts (2003))

m+n—1
Dpp==+ H Kk e(m,n,k)
k=1
where
k%2 —2(m— k)(n— k) k < min (m,n)
e(m, n, k) = { min (m, n)? min (m, n) < k < max (m, n)

(m+n— k)2 otherwise



Example: Discriminant of H; 5

The generalised Hermite polynomial

Hss = x(x' +15x" 4 135x"0 + 525x° + 675x°
+4725x* — 7875x> — 23625)

has discriminant

Dss = (2 (3) (5)*(7)



Example: Discriminant of H; 5

The generalised Hermite polynomial
Hss = x(x™* 4 15x"* + 135x™ + 525x° + 675x°
+4725x* — 7875x> — 23625)
has discriminant

Dss = (2”(3)” (5)"(7)
_ 2712(11.1222.22 33-3% 4.3 55.3% 6.22 77.12)



Example: Discriminant of H; 5

The generalised Hermite polynomial

Hss = x(x' +15x" 4 135x"0 + 525x° + 675x°
+4725x* — 7875x> — 23625)

has discriminant

Dys = (2)2(3)(5) (7)
2712(11.1222.22 33.32 4432 55.32 66.22 77.12)

The hook multiset is

H ={1,22,33 43,53 6 7}

W |00
N|W[H|C1[D
IN(W[H|O1




Discriminant of the generalised Hermite polynomials

The discriminant of the generalised Hermite polynomial is

Hm+n 1 kk pk

Hrkmnl(m ") j2k(m—k)(n—k)

|Dim,n| =
where a hook of length k has multiplicity p.
The hook multiset is

Y — {kk rkrinl(m,n)flu{kmin(m,n) maX(mn U{karn k}m+n 1

k=min(m,n) k=max(m,n)+1



Generalised Okamoto polynomials Q,, ,

Define
Qm,n = Wr[{H1+3j}er’:Bl7 {H2+3J}Jn;01]

Then

Condition ‘ Partition A

m>n | ({n—1+ 2} {2

m<n | ({m+ 242,



Example

Q3,5 = W[H1, Ha, H7; Ho, Hs, Hg, Hi1, Hi4)

2[1]

—[N|O1|C0

BN ES SIS

NN -




Discriminant of the general Okamoto polynomials

Roberts proved that for m > n

m—1 n—1
Dpmpn = H (1+ 3/()(1+3k)(m—k)2 H(2 + 3k)(2+3k)(n—k)2
k=0 k=0
m—n—1
% H (2_|_3k)(2+3k)(m—n—1—k)2
k=0

We show that for all m, n > 0 the discriminant of Qp, 5 is
2
Dm,n = H kkpk
keH

where H is the set of hooks k with multiplicity py



Discriminants of generalised Laguerre polynomials

Discriminants of T,(n“,),(z) ;

Dis1,1(p) = (1 +3)

Dis1 (1) = (1 + 3) (1 + 4)* (1 + 5)/2*3°

Dis13(1) = (1 + 4)* (1 +5)° (1 + 6)*(u + 7)/2%43°

Disp 1 (1) = (1 + 3) (1 + 4)%/223

Disp o(11) = —(+ 3) (1 + 4)* (1 + 5)% (1 + 6)?/2%43°

Disg 3(1) = —(i + 4)* (1 + 5)%(1u + 6)™°(1u + 7)%(u + 8)% /290351



Discriminant of T,Sq“,),(z) for n > m

The discriminant of T,(n“,),(z) for n > mis

Dism,n(u)zﬁﬂ“ [T jtm+r

j=1 j=m+1

m-+n m m
« H J j(m+n—j+1)? Hj2j(n—j)(j—1—m) H('u +n +j)f(n—1J)
Jj=n+1 Jj=1 Jj=1
m-+n
« H u+ n+J f(m+n—j,m+1) H o+ n+j)f(m,m+n+1fj)
Jj=m+l j=n+1

where f(m, p) = mp® — p(p — 1)(p — 2)/3



Discriminant of T./)(z) for n > m in terms of hook lengths

The discriminant is

m-+n

Ditsm () = H kP
k=1

% H k2k(nfk)(kflfm) H(M_i_n_'_k)f(nfl,pl)
k=1 k=1

n m-+n
X H (,u—l—n—f—k)f(er"*k’pz) H (,u_|_n+k)f(m7p3)
k=m+1 k=n+1



Factorisation of the generalised Laguerre polynomials

The generalised Laguerre polynomials have multiple roots at the

origin when
H:_n—j’ j:l,...,m—l—n
Curiously
T = 0 TEDE)
Tr(nfnmfnfl)(z) . zn(m+1)
-,—,(,;nm—”_j)(z) = C3 Z(m+1)(n+1_j) T( ’Jml n_J)(Z) ./ = 27 L

where c1, ¢p, c3 are known constants



Root plots of Téﬁ)(%zz)

p=-17/2

p=—19/2




Root plots of Téﬁ)(%zz)




Roots of T;3(z%; 1) for 1 € (—o0,00) and A\ = (23)

T_{1.3}

e @
(=)



Roots of T,5(z%; 1) for j1 € (—o0,00) and A\ = (5°)

T_{4.5)
e ® e 0 0

(=)



Roots of T,,(z?; 1) for j1 € (—o0,00) and A = (57)

T_{4.7}
e @ @ ¢ @
e @ @ @
e ® ® @ g
L B N Y
' N Y
.....
.....

(=)



Allowed blocks and 7-5(;313/20)(

2
5Z



z%)

1
2

=B1/%
Tsa ™

N~

L




Classification of root blocks of T“)( 2z
there are zeros at origin

1.2

) when n > m when

Condition Number of zeros E D
J L at origin rectangle rectangle
1,....m+1 —n—j 2nj m—j+1xn
2,..,n | —m—n—j | 2(m+1)(n+1—j) m+1xj—1
W= —8 u=—14




Classification of root blocks

of TY)(122) when n> m

Condition E G F D

Jj=—n—[p] | rectangle trapezoid/ triangle/ rectangle
triangle trapezoid
j<0 m+1xn

1<j<m+1l | m+1—jxn n—1xn—j J

m+1<j<n m+n—jxn—j m m+1xj—m

n<j<m-+n m+n—j mxj—n+1 | m+1xj—m

Jj > m+n m—+1xn




Root plot animation of T53(3z% 1) for = —5 to yu— =6

S



The movement of the roots of Tég)(%zz) closest to the origin

e [—4, -3 p € [-5,—4]

-2 1 05 0 05 1 2 -2 -1 05 0 05 1 2

e [=6, 5] we 7,6



The movement of the roots of Tég)(%z2) closest to the origin

1 € [~10, -9 € [~11,—10]



The movement of the roots of Ts(ff;,)(%f) closest to the origin

€ [~12,-11]



Roots of Tég)(z) near origin

g

N

C

e [_4a _3] H< [_57 _4]



Roots of Tég)(z) near origin

Q ] %
( | &
2 % o3 o B e # o

w e [—4,-3] p € [—5, —4]
i ow p— pt B
1 —4 (22 -1) (22 +1)
2 -5 (2 - 1)(2+1) (4 +1)(z%2 -1)
3 6 (B-D)EZB+D(z-1) B+1)(B-1)(z+1)
4 -7 (*+1)(2-1) (2 -1)(2+1)
5 -8 (23 -1) (22 +1)



Roots of T2( 3) near origin

Jjon p—pt p—
1 —4 (2> -1) (22 +1)
2 -5 (z* = 1)(z2+1) (4 +1)(z2-1)
3 -6 (Z-D(EZ+1)(z'-1) (P+1)(B-1(z+1)
4 -7 (4 +1)(z2-1) (* - 1)(2+1)
5 -8 (23 -1) (22 +1)

3.2 1

N

NEE

3(2]1




Rational solutions of Painlevé V

There are rational solutions of

d?w
dz?

+

in terms of generalised Umemura polynomials Un 5(z; i) for the

parameters

(a? 67 57’Y)
(a? 67 57/7)

a 2w

yw

o) ()

dw(w + 1)

(
(

NI= N

w—1

(m+ p)?,

(m+ p)?,

_1
2
_1
2

1dw

s

z dz z2

(n+n)?, m+n,—1/2)

(n+ w2, m—n,—1/2)

B

aw + —

w

)



Generalised Umemura polynomials

The polynomials Up n(z; 1) also have representations as a
determinant or a Wronskian depending on two staircase partitions

AM=(mm-=1,...1) , X=(nn—-1,...,1)

Um,n(Z; M) = n(m+,u WI’( (2)7 m+1( ) Lgfrz 1( )
X_“LE,'LL)(Z), X_“Lf,i)l(z), .. ,x_“Lg‘f,)_l(z))

A Universal Character



Generalised Umemura polynomials when 2, € Z




More generalised Umemura polynomials when 2, € 7Z




Generalised Umemura polynomials when 2, € Z

©0¢0¢ 0°%%0 o0 ° ® 0¢ 000,y o 0
® oceoe e0o0 0 © ......::...o..
e o oeeeoe eeee o o © o 000 ceinelo0e0
o o000 ®0e0e0 o .....oo..::c..
0©0°% 00000 %°%0, 0 ©® %¢ge0® 0o
0®® 00000 %0, e ® ®0c00® o,
e ® 00000 °, e ®0c00® o
® 00000 © ®oco0o0 0
o000 o000
eoooe XXX
eooe XX
L) L)
°



Outlook

e Rational solutions of Py are written in terms of generalised

Laguerre polynomials or generalised Umemura polynomials

e Properties of generalised Laguerre polynomials given and
some differential-difference and discrete equations found

e The dependence of the Wronskian polynomials on partitions is
deeper than simply a means of labelling the constituent
polynomials

e Why? How far does this extend to Universal Characters based

on a generic pair of partitions
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