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Painlevé equations



The Painlevé equations

Discovered by Painlevé, Gambier and their colleagues in the late

19th/early 20th centuries while studying
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The Painlevé equations PII to PVI
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Special solutions of Painlevé equations

• Painlevé III, V, VI have algebraic solutions for certain values

of the parameters

• Painlevé II-V have solutions expressed in terms of the classical

special functions (Airy, Bessel, parabolic cylinder, Kummer

and hypergeometric functions) for certain values of the

parameters

• All but Painlevé I have rational solutions



Rational solutions of Painlevé equations

Rational solutions typically appear as

w(z) = az + b +
d

dx
ln

P(z)

Q(z)

where P(z) and Q(z) are polynomials and a, b constants

The P(z),Q(z) are usually determinants (often Wronskians) of

known polynomials

PIV Generalised Hermite polynomials Hm,n(z)

Hn(z)Okamoto polynomials Rn(z),Sn(z)

Generalised Okamoto polynomials Qm,n(z)

PV Generalised Laguerre polynomials T
(µ)
m,n(z)

L
(µ)
n (z)

Generalised Umemura polynomials Um,n(z ;µ)



Wronskian Hermite Polynomials



Wronskian Hermite polynomials

Probabilists’ Hermite polynomials

H0 = 1 , H1 = x , H2 = x2−1 , H3 = x(x2−3) , . . .

Wronskian Hermite polynomials

Wr [H3,H2] = x4 + 3

Wr [H7,H5,H2,H1] = x3(x6 − x4 − 7x2 + 35)

Wr [H12,H4,H3,H1] = x14 − 29 x12 + 183 x10 + 105 x8

−525 x6 − 4095 x4 + 2205 x2 + 315

where

Wr [f1, f2, . . . fr ] = Det

(
dj−1

dx j−1
fi

)
1≤i ,j≤r



Wronskian Hermite polynomials

Rather than considering the labels h = (h1, h2, . . . , hr ), define the

Wronskian Hermite polynomial

Hλ = Wr [Hh1 ,Hh2 , . . . ,Hhr ]

with h1 > h2 > · · · > hr > 0 in terms of the partition

λ = (λ1, λ2, . . . , λr ) = (h1 − r + 1, h2 − r + 2, . . . , hr )



Young diagram and hook lengths of partition

λ = (7, 5, 4, 3, 2) is a partition of |λ| = 21

5

11 2

8 7

6 3

4

2



Examples of WHP

h λ Hooks Hλ

(3,2) (2,2) 3 2

2 1
x4+3

(5,4,2) (3,3,2)
5 4 2

4 3 1

2 1

x8+10x4−15

(7,4,2,1) (4,2,1,1)

7 4 2 1

4 1

2

1

x8−14x4−7

(7,5,2,1) (4,3,1,1)

7 4 3 1

5 2 1

2

1

x3(x6−x4−7x2+35)



Generalised Hermite polynomials

Generalised Hermite polynomials

Hm,n = Wr [{Hm+j}n−1
j=0 ]

are labelled by rectangular partitions λ = (mn)

Example

H5,3 = Wr [H5,H6,H7]

7 6 5 4 3
6 5 4 3 2
5 4 3 2 1



Wronskian Laguerre Polynomials



Generalised Laguerre polynomials

Define the generalised Laguerre polynomial T
(µ)
m,n(z) as the double

Wronskian

T
(µ)
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[
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where L
(α)
n (z) is the associated Laguerre polynomial

L
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z−α ez

n!

dn

dzn
(
zn+α e−z

)
, n ≥ 0

It would be more convenient if there was a Wronskian

representation.



Wronskian representation

From properties of Laguerre polynomials and discriminants

T
(µ)
m,n(z) = Wr

(
L
(n+µ)
m+1 (z), L

(n+µ)
m+2 (z), . . . , L

(n+µ)
m+n (z)

)

The labelling partition is

λ = ((m + 1)n)



Schur representations

Define the elementary Schur polynomials pj(t) through

∞∑
j=0

pj(t) x
j = exp

 ∞∑
j=1

tj x
j

 , pj(t) = 0 , j < 0

where p0(t) = 1 and t = (t1, t2, . . .). The Schur polynomial is

Sλ(t) = det
[
pλj+k−j(t)

]r
j ,k=1

Then

T
(µ)
m,n(z) = (−1)n(n−1)/2 Sλ(t) , λ = ((m + 1)n)

with

tj =
µ+ n + 1

j
− z , j = 1, 2, . . .

and pj(t) = L
(µ+n)
j (−z), j = 0, 1, . . .



Generalised Laguerre polynomials

Define T̂m,n(z ;µ) as

T̂
(µ)
m,n(z) = det

[
dj+k

dz j+k
L
(µ+1)
m+n (−z)

]n−1

j ,k=0

We note that

T
(µ)
m,n(−z) = T̂

(µ)
m,n(z).

The generalised Laguerre polynomials also satisfy

T
(µ)
m,n(z) = (−1)⌊(m+n+1)/2⌋ T̂

(−µ−2n−2m−2)
n−1,m+1 (z),

which follows from properties of Schur polynomials



Differential-difference and discrete equations
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where Dz is the Hirota bilinear operator
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Differential-difference and discrete equations
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Rational solutions of PV



Rational solutions of PV : Case (i) (Kitaev, Law & McLeod (1994))
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has rational solutions when m, n,∈ Z,m ≥ 1, and µ constant for

α = 1
2m

2, β = −1
2(m + 2n + 1 + µ)2, γ = µ, δ = −1/2

together with the solutions obtained through the symmetries
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Rational solutions of PV : Cases (ii) and (iii) (Kitaev, Law &

McLeod (1994))

PV also has rational solutions when

α = 1
2(m + µ)2, β = −1

2(n + ϵµ)2, γ = m + ϵn, δ = −1/2

with ϵ = ±1 and

α = 1
2(m + 1

2)
2, β = −1

2(n + 1
2)

2, γ = µ, δ = −1/2

provided that m ̸= 0 or n ̸= 0

Case (i) solutions are written in terms of generalised Laguerre

polynomials

Cases (ii) and (iii) solutions are written in terms of generalised

Umemura polynomials



Rational solutions of PV in case (i)

The function

wm,n(z ;µ) =
T

(µ)
m−1,n(z)T
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T
(µ)
m,n(z)T

(µ)
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, m, n ≥ 1

is a rational solution for the parameters
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2m
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Rational solutions of PV in case (i)

The function
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T
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When n = 0
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T
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=
L
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L
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The function

ŵm,n(z ;µ) =
T̂
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(µ)
m−1,n+1(z)

T̂m,nµ(z) T̂
(µ)
m−2,n+1(z)

, m, n ≥ 1

is a rational solution for the parameters

αm,n = 1
2m

2, βm,n = −1
2(m + 2n + 1 + µ)2, γm,n = −µ



Non-uniqueness of rational solutions of PV

Kitaev, Law and McLeod (94): rational solutions of PV are unique

when µ ̸∈ Z

Theorem
If µ = k with k ∈ Z and k ≥ −n, then

wm,n(z ; k) and ŵm,n+k(z ;−k)

both satisfy PV for the parameters

α = 1
2m

2, β = −1
2(m + 2n + k + 1)2, γ = k



Non-uniqueness of rational solutions of PV

Kitaev, Law and McLeod (94): rational solutions of PV are unique

when µ ̸∈ Z

Theorem
If µ = k with k ∈ Z and k ≥ −n, then
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2m
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Example 1

The rational functions

w1,1(z ; 1) = −(z − 3)(z2 − 8z + 20)

(z − 2)(z − 6)

ŵ1,2(z ;−1) =
(z2 + 4z + 6)(z3 + 9z2 + 36z + 60)

z4 + 12z3 + 54z2 + 96z + 72
,

are both solutions of PV with parameters

α = 1/2, β = −25/2, γ = 1



Example 2

The rational functions

w1,1(z ;−1) = −(z − 1)(z2 − 4z + 6)

(z2 − 4z + 2)

ŵ1,0(z ; 1) = z + 3

are both solutions of PV with parameters

α = 1/2, β = −9/2, γ = −1



Example 2 ctd

Solutions arise from a special function solution of PV as a

determinant of Bessel functions through appropriate choice of the

arbitrary constants C1,C2 at the relevant parameter values:

w =
−C 2

1 (z
2 − 4z + 2)e2z − C1C2(z

3 + z2 + 4z − 4)ez − 2C 2
2

C 2
1 (z − 1)(z2 − 4z + 6)e2z − C1C2(z2 + 8z − 12)ez − 2C 2

2 (z + 3)



The partition is more than a label



Generalised Laguerre polynomials

Recall

T
(µ)
m,n(z) = Wr

(
L
(n+µ)
m+1 (z), L

(n+µ)
m+2 (z), . . . , L

(n+µ)
m+n (z)

)
is associated with the partition λ = ((m + 1)n)

Example m = 3, n = 5

8 7 6 5
7 6 5 4
6 5 4 3
5 4 3 2
4 3 2 1



Coefficients of general Wronskian of Laguerre polynomials

Define

Ω
(α)
λ (z) = Wr

(
L
(α)
h1

(z), L
(α)
h2

(z), . . . , L
(α)
hℓ(λ)

(z)
)
,

Ω
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λ (z) =

|λ|∑
j=0

r
(α)
j z |λ|−j ,

r
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(
|λ|
j

) ∑
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F
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F
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Fλ

Ψ
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Ψ
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Continued

Ψ(α)
ρ = (−1)|ρ|+ht(P)

ℓ(ρ)∏
j=1

( hρj−1∏
k=ℓ(ρ)

(
hρj − k + α+ ℓ(ρ)

)
×

j−1∏
k∈{0,1,...,ℓ(ρ)−1}\hρ

(j − 1− k − α− ℓ(ρ))

)



Coefficients of T (µ)
m,n(z)

T
(µ)
λ (z) = (zn(m+1) − n(m + 1)(µ+m + n + 1)zn(m+1)−1

+ · · ·+ (−1)n(m+1)
∏

h∈Hm,n

(µ+ n + h)



Hooks of λ = ((m + 1)n

Example m = 3, n = 5

8 7 6 5
7 6 5 4
6 5 4 3
5 4 3 2
4 3 2 1

The hook multiset of λ = ((m + 1)n is

Hm,n =

{kp1}mk=1 ∪ {kp2}nk=m+1 ∪ {kp3}m+n
k=n+1, n > m,

{kp1}nk=1 ∪ {k p̃2}m+1
k=n+1 ∪ {kp3}m+n

k=m+2, n ≤ m,

where

p1 = k , p2 = m + 1 , p̃2 = n , p3 = m + n + 1− k

are the multiplicities of the hooks in each respective set
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Discriminants

Recall that a monic polynomial f (x)

f (x) = xd + ad−1x
d−1 + . . .+ a1x + a0,

with roots α1, α2, . . . , αd ∈ C has discriminant

Dis(f ) =
∏

1≤j<k≤d

(αj − αk)
2

generalising the case when d = 2 and

Dis(f ) = (α1 − α2)
2 = a21 − 4a0

since

α1,2 = −a1
2

±

√
a21 − 4a0

2



Discriminant of generalised Hermite polynomials

The discriminant Dm,n of Hm,n is (Roberts (2003))

Dm,n = ±
m+n−1∏
k=1

kk e(m,n,k)

where

e(m, n, k) =


k2 − 2(m − k)(n − k) k < min (m, n)

min (m, n)2 min (m, n) ≤ k ≤ max (m, n)

(m + n − k)2 otherwise



Example: Discriminant of H3,5

The generalised Hermite polynomial

H3,5 = x
(
x14 + 15x12 + 135x10 + 525x8 + 675x6

+4725x4 − 7875x2 − 23625
)

has discriminant

D3,5 = (2)92 (3)51 (5)45 (7)7

= 2−12(11.1
2
22.2

2
33.3

2
44.3

2
55.3

2
66.2

2
77.1

2
)

7 6 5
6 5 4
5 4 3
4 3 2
3 2 1

The hook multiset is

H = {1, 22, 33, 43, 53, 62, 7}
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Discriminant of the generalised Hermite polynomials

The discriminant of the generalised Hermite polynomial is

|Dm,n| =
∏m+n−1

k=1 kk p2k∏min(m,n)
k=1 k2k(m−k)(n−k)

where a hook of length k has multiplicity pk .

The hook multiset is

H = {kk}min(m,n)−1
k=1 ∪{kmin(m,n)}max(m,n)

k=min(m,n)∪{k
m+n−k}m+n−1

k=max(m,n)+1



Generalised Okamoto polynomials Qm,n

Define

Qm,n = Wr [{H1+3j}m−1
j=0 , {H2+3j}n−1

j=0 ]

Then

Condition Partition λ

m ≥ n
(
{n − 1 + 2j}m−n

j=1 ; {j2}nj=1

)
m < n

(
{m + 2j}n−m

j=1 ; {j2}mj=1

)



Example

Q3,5 = W [H1,H4,H7;H2,H5,H8,H11,H14]

1411 8 5 4 2 1
11 8 5 2 1
8 5 2
7 4 1
5 2
4 1
2
1



Discriminant of the general Okamoto polynomials

Roberts proved that for m ≥ n

Dm,n =
m−1∏
k=0

(1 + 3k)(1+3k)(m−k)2
n−1∏
k=0

(2 + 3k)(2+3k)(n−k)2

×
m−n−1∏
k=0

(2 + 3k)(2+3k)(m−n−1−k)2

We show that for all m, n ≥ 0 the discriminant of Qm,n is

Dm,n =
∏
k∈H

kk p2k

where H is the set of hooks k with multiplicity pk



Discriminants of generalised Laguerre polynomials

Discriminants of T
(µ)
m,n(z) :

Dis1,1(µ) = (µ+ 3)

Dis1,2(µ) = (µ+ 3)(µ+ 4)4(µ+ 5)/2433

Dis1,3(µ) = (µ+ 4)2(µ+ 5)8(µ+ 6)4(µ+ 7)/22438

Dis2,1(µ) = (µ+ 3)(µ+ 4)2/223

Dis2,2(µ) = −(µ+ 3)(µ+ 4)4(µ+ 5)8(µ+ 6)2/22438

Dis2,3(µ) = −(µ+ 4)2(µ+ 5)8(µ+ 6)16(µ+ 7)8(µ+ 8)2/260321511



Discriminant of T (µ)
m,n(z) for n > m

The discriminant of T
(µ)
m,n(z) for n > m is

Dism,n(µ) =
m∏
j=1

j j
3

n∏
j=m+1

j j(m+1)2

×
m+n∏
j=n+1

j j(m+n−j+1)2
m∏
j=1

j2j(n−j)(j−1−m)
m∏
j=1

(µ+ n + j)f (n−1,j)

×
n∏

j=m+1

(µ+ n + j)f (m+n−j ,m+1)
m+n∏
j=n+1

(µ+ n + j)f (m,m+n+1−j)

where f (m, p) = mp2 − p(p − 1)(p − 2)/3



Discriminant of T (µ)
m,n(z) for n > m in terms of hook lengths

The discriminant is

Dism,n(µ) =
m+n∏
k=1

kk p2k

×
m∏

k=1

k2k(n−k)(k−1−m)
m∏

k=1

(µ+n+k)f (n−1,p1)

×
n∏

k=m+1

(µ+n+k)f (m+n−k,p2)
m+n∏

k=n+1

(µ+n+k)f (m,p3)



Factorisation of the generalised Laguerre polynomials

The generalised Laguerre polynomials have multiple roots at the

origin when

µ = −n − j , j = 1, . . . ,m + n

Curiously

T
(−n−j)
m,n (z) = c1 z

nj T
(j−n)
m−j ,n(z) j = 1, . . . ,m

T
(−m−n−1)
m,n (z) = c2 z

n(m+1)

T
(−m−n−j)
m,n (z) = c3 z

(m+1)(n+1−j) T
(−m−n−j)
m,j−1 (z) j = 2, . . . , n

where c1, c2, c3 are known constants



Root plots of T (µ)
6,4 (

1
2
z2)

µ = −6 µ = −15/2 µ = −8

µ = −17/2 µ = −19/2 µ = −25/2



Root plots of T (µ)
6,4 (

1
2
z2)

µ = −14 µ = −31/2 µ = −35/2



Roots of T1,3(z
2;µ) for µ ∈ (−∞,∞) and λ = (23)



Roots of T4,5(z
2;µ) for µ ∈ (−∞,∞) and λ = (55)



Roots of T4,7(z
2;µ) for µ ∈ (−∞,∞) and λ = (57)



Allowed blocks and T
(−313/20)
5,8 (1

2
z2)

D

D

E E

F

F

GG



T
(−57/5)
5,8 (1

2
z2)

D

D

E E

F

F

GG



Classification of root blocks of T
(µ)
m,n(

1
2
z2) when n > m when

there are zeros at origin

Condition Number of zeros E D

j µ at origin rectangle rectangle

1, . . .,m+1 −n−j 2nj m−j+1×n

2, . . ., n −m−n−j 2(m+1)(n+1−j) m+1×j−1

µ = −8 µ = −14



Classification of root blocks of T (µ)
m,n(

1
2
z2) when n > m

Condition E G F D

j = −n−⌈µ⌉ rectangle trapezoid/ triangle/ rectangle

triangle trapezoid

j≤0 m+1×n

1<j<m+1 m+1−j×n n−1×n−j j

m+1<j<n m+n−j×n−j m m+1×j−m

n<j<m+n m+n−j m×j−n+1 m+1×j−m

j > m+n m+1×n



Root plot animation of T5,3(
1
2
z2;µ) for µ = −5 to µ− = 6



The movement of the roots of T (µ)
5,3 (

1
2
z2) closest to the origin

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

µ ∈ [−4,−3] µ ∈ [−5,−4]

-2 -1 -0.5 0 0.5 1 2

-1

-0.5

0

0.5

-2 -1 -0.5 0 0.5 1 2

-1

-0.5

0

0.5

µ ∈ [−6,−5] µ ∈ [−7,−6]



The movement of the roots of T (µ)
5,3 (

1
2
z2) closest to the origin

-3 -2 -1 0 1 2 3
-2

-1

0

1

-3 -2 -1 0 1 2 3

-2

-1

0

1

2

µ ∈ [−8,−7] µ ∈ [−9,−8]

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

-2 -1 0 1 2

-2

-1

0

1

µ ∈ [−10,−9] µ ∈ [−11,−10]



The movement of the roots of T (µ)
5,3 (

1
2
z2) closest to the origin

-2 -1 0 1 2

-1

0

µ ∈ [−12,−11]



Roots of T (µ)
2,3 (z) near origin

-0.4 -0.2 0.0 0.2 0.4

-0.5

0.0

0.5

-0.4 -0.2 0.0 0.2 0.4

-0.5

0.0

0.5

µ ∈ [−4,−3] µ ∈ [−5,−4]

j µ µ → µ+ µ → µ−

1 −4 (z3 − 1) (z3 + 1)

2 −5 (z4 − 1)(z2 + 1) (z4 + 1)(z2 − 1)

3 −6 (z5 − 1)(z3 + 1)(z − 1) (z5 + 1)(z3 − 1)(z + 1)

4 −7 (z4 + 1)(z2 − 1) (z4 − 1)(z2 + 1)

5 −8 (z3 − 1) (z3 + 1)



Roots of T (µ)
2,3 (z) near origin

-0.4 -0.2 0.0 0.2 0.4

-0.5

0.0

0.5

-0.4 -0.2 0.0 0.2 0.4

-0.5

0.0

0.5

µ ∈ [−4,−3] µ ∈ [−5,−4]

j µ µ → µ+ µ → µ−

1 −4 (z3 − 1) (z3 + 1)

2 −5 (z4 − 1)(z2 + 1) (z4 + 1)(z2 − 1)

3 −6 (z5 − 1)(z3 + 1)(z − 1) (z5 + 1)(z3 − 1)(z + 1)

4 −7 (z4 + 1)(z2 − 1) (z4 − 1)(z2 + 1)

5 −8 (z3 − 1) (z3 + 1)



Roots of T (µ)
2,3 near origin

j µ µ → µ+ µ → µ−

1 −4 (z3 − 1) (z3 + 1)

2 −5 (z4 − 1)(z2 + 1) (z4 + 1)(z2 − 1)

3 −6 (z5 − 1)(z3 + 1)(z1 − 1) (z5 + 1)(z3 − 1)(z + 1)

4 −7 (z4 + 1)(z2 − 1) (z4 − 1)(z2 + 1)

5 −8 (z3 − 1) (z3 + 1)

123
↘ ↘ ↘

4

5
↘
↘

5 4 3

4 3 2

3 2 1



Rational solutions of Painlevé V

There are rational solutions of

d2w

dz2
=

(
1

2w
+

1

w − 1

)(
dw

dz

)2

− 1

z

dw

dz
+

(w − 1)2

z2

(
αw +

β

w

)
+
γw

z
+

δw(w + 1)

w − 1

in terms of generalised Umemura polynomials Um,n(z ;µ) for the

parameters

(α, β, δ, γ) = (12(m + µ)2,−1
2(n + µ)2,m + n,−1/2)

(α, β, δ, γ) = (12(m + µ)2,−1
2(n + µ)2,m − n,−1/2)



Generalised Umemura polynomials

The polynomials Um,n(z ;µ) also have representations as a

determinant or a Wronskian depending on two staircase partitions

λ1 = (m,m − 1, . . . , 1) , λ2 = (n, n − 1, . . . , 1)

Um,n(z ;µ) = xn(m+µ)Wr
(
L
(µ)
m (z), L

(µ)
m+1(z), . . . , L

(µ)
2m−1(z),

x−µL
(µ)
n (z), x−µL

(µ)
n+1(z), . . . , x

−µL
(µ)
2n−1(z)

)
A Universal Character



Generalised Umemura polynomials when 2µ ∈ Z



More generalised Umemura polynomials when 2µ ∈ Z



Generalised Umemura polynomials when 2µ ∈ Z



Outlook

• Rational solutions of PV are written in terms of generalised

Laguerre polynomials or generalised Umemura polynomials

• Properties of generalised Laguerre polynomials given and

some differential-difference and discrete equations found

• The dependence of the Wronskian polynomials on partitions is

deeper than simply a means of labelling the constituent

polynomials

• Why? How far does this extend to Universal Characters based

on a generic pair of partitions
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