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Introduction



How to prepare a given quantum state (say, an eigenstate of a Hamiltonian) on a quantum computer?

Attractive candidate: Bethe state (eigenstate of an integrable Hamiltonian)

•

non-trivial •

better understood

algorithm for preparing Bethe states of the Heisenberg quantum spin chain

arXiv: 2403.03283David Raveh, RN

?

Goal of today’s talk:

Quantum state preparation problem:

Applications: computing e.g. correlation functions in this state
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1. Bethe ansatz review



closed isotropic (XXX) spin-1/2 Heisenberg quantum spin chain

Deceptively simple model of magnetism (1928)

•

L spin-1/2 spins (qubits) arranged in a circle•

Each spin interacts isotropically with its neighbor
Hamiltonian

~�n = I⌦ · · · I⌦ ~� ⌦ I · · ·⌦ I

n

~� = (�x,�y,�z)

Pauli spin matrices

I =
✓

1 0
0 1

◆

periodic boundary conditions

matrix

Brute force doesn’t go very far…

2L ⇥ 2L
Can be realized experimentally;

connections with CFT, AdS/CFT, …

<latexit sha1_base64="qv+oDNRszpX0PDS0heEKi4HwKHk="></latexit>

H = �1

2

LX

n=1

(~�n · ~�n+1 � I)
<latexit sha1_base64="815HpTsD4Jv6FCooxSmhburFlWs="></latexit>

~�L+1 ⌘ ~�1

<latexit sha1_base64="tlRJ6E9y+z8cJQElu8wxlw8Xk3k="></latexit>

L
<latexit sha1_base64="Ix5A3Uz4CjptmRIPAB2XhvnePqk="></latexit>

1

Problem: find eigenvalues and eigenvectors of H

<latexit sha1_base64="L0JwLjhPIbQ+Cr/cyP4sXtwdH/w="></latexit>

H|vi = E|vi



Coordinate Bethe ansatz (1931)

Remarkable solution!

Reduces the problem to solving a system of polynomial equations “Bethe equations”



ground (0-particle) state:

1-particle state:

provided 

1-particle energy

Eigenvectors are multi-particle (“magnon”) states 

eikL = 1

x

H| (k)i = e(k)| (k)i e(k) = 4 sin2(k2 )

| 0i =
✓

1
0

◆⌦L

= | " · · · "i

H| 0i = 0

<latexit sha1_base64="BPZ+nxsXADDXIZOx3Z8m42T0ss4="></latexit>

| (k)i =
LX

x=1

eikx| " · · · # · · · "i



2-particle state:

2-particle
S-matrix

provided 
�

k1

<latexit sha1_base64="DLGZTb+4VzGr7gWsjIku9yFCnpc="></latexit>

k2

<latexit sha1_base64="NAQT3ewagxClw3vC802/0kz3+8E="></latexit>

E = e(k1) + e(k2)

<latexit sha1_base64="TOsTPR2UGonpJciUTSTvVDDHx98="></latexit>

eik1L = S(k1, k2)

eik2L = S(k2, k1)

<latexit sha1_base64="YjZRLuAYxpod4oxzF7/4L5OaRYo="></latexit>

H| (k1, k2)i = E| (k1, k2)i

<latexit sha1_base64="gnMyh+31d4cpC30o1tnIc1XuGv0="></latexit>

| (k1, k2)i =
X

1x1<x2L

h
s(k2, k1)e

i(k1x1+k2x2) � s(k1, k2)e
i(k2x1+k1x2)

i
| " · · · # · · · # · · · "i

<latexit sha1_base64="aSnyS/9Z7KhM4y44q1ou5zOmwLQ="></latexit>

S(k2, k1) = �s(k1, k2)

s(k2, k1)

<latexit sha1_base64="ATTZE5zAsegNxDOdgs1SIUmAoUI="></latexit>

s(k, k0) = 1� 2eik
0
+ ei(k+k0)

x1
<latexit sha1_base64="C1/XTvUF4JIe7GshfVmz43cQMnQ="></latexit>x2



M-particle state:

provided Bethe equations

Bethe state

signature of

<latexit sha1_base64="vAw7JtPGld9Vr7xybEGtwwOXHHw="></latexit>

H| (k1, . . . , kM )i = E| (k1, . . . , kM )i

<latexit sha1_base64="uJ5dGDJ3tXeM27APuKYe1rhvzCs="></latexit>

E =
MX

j=1

e(kj)

<latexit sha1_base64="Zzi10zTek0fXc74K9RC8ssuLbGk="></latexit>

eikjL =
MY

l=1;l 6=j

S(kj , kl) , j = 1, . . . ,M

<latexit sha1_base64="rFkXW7cOt+YBu6rFXtMvB2G+bxk="></latexit>x1
<latexit sha1_base64="/fvNa+GzNqAGmlHWAWf66o+4OEg="></latexit>xM

<latexit sha1_base64="Dlv5SdA+A5NBqEFu0ndoO7MkTAs="></latexit> 
uj +

i
2

uj � i
2

!L

=
MY

l 6=j
l=1

uj � ul + i

uj � ul � i
<latexit sha1_base64="Je8k8QtoadC6BO2g+yEMlBzwcYA="></latexit>

uj = u(kj) u(k) = 1
2 cot(

k
2 )

<latexit sha1_base64="4LZxoUcuiCpBhQx/kCjj2d9YiWQ="></latexit>

| (k1, . . . , kM )i =
X

1x1<...<xML

X

�2Perm(1,. . . , M)

"(�)A(k�(1), · · · , k�(M)) e
i
PM

j=1 k�(j)xj | " · · · # · · · # · · · "i

<latexit sha1_base64="tFnlfOF3VCCfAQ+YvLlKuPJ2gtA="></latexit>

"(�) = ±1
<latexit sha1_base64="HWw7lnS8/7PYmcNlbV4B10stqBU="></latexit>�

<latexit sha1_base64="8W5WVdFoux7spMibm3UeDShTCAU="></latexit>

A(k1, . . . , kM ) =
Y

1j<lM

s(kl, kj)



SU(2) symmetry ) degeneracy

Example: M = 0, 1, 2

total: X

degeneracy

0 - 0 5

1 2 3

1 2 3

1 4 3

2 2 1

2 6 1

M E
<latexit sha1_base64="hWa51m7tQdMZdfJed3MzTyIkqKg="></latexit>uj

<latexit sha1_base64="+1YCDSWlDKWZGMTTBRAzBjjSwic="></latexit>

1
2

<latexit sha1_base64="TexaWH4OA90IEOBvFDrpuhPliWA="></latexit>

� 1
2

<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0

<latexit sha1_base64="BKq94Ucd1n4JFDMQiFB1BydZOJM="></latexit>

± i
2

“complete”

L� 2M + 1

M  L

2

L = 4

16 = 24 = 2L

<latexit sha1_base64="ecLFvPJbm1dmxXlEEaOjBB5wjrk="></latexit>

± 1
2
p
3



2. Dicke state preparation



<latexit sha1_base64="70qNuoZaSsG6J16Vtbsc/VxTby8="></latexit>

|Dn
k i : completely symmetric state of       ’s  and      ‘s

<latexit sha1_base64="IF4XDGCA0eQFFz7c2h9KIB2gt2M="></latexit>n
<latexit sha1_base64="7OGKe8yb//ORdRoYVn5eHuLkWEc="></latexit>

n� k
<latexit sha1_base64="z7s7K3epPplOc5PwfDukx3oFrU4="></latexit>

k

<latexit sha1_base64="/eukwNMtoseRErHfi275uulWQ5I="></latexit>

|1i
<latexit sha1_base64="trr8j9yXmpKjck2ZEyQ6qiUhktM="></latexit>

|0i

total # qubits =                 

<latexit sha1_base64="Lh1+221Hz0XX6osegC5P7yOQGDA="></latexit>

|0011i = |0i ⌦ |0i ⌦ |1i ⌦ |1i

<latexit sha1_base64="ebyCxKw3r6UMs1a692WjJeUUC2g="></latexit>

|D4
2i =

1p
6
(|1100i+ |1010i+ |0110i+ |1001i+ |0101i+ |0011i)

Ex:

Dicke states

<latexit sha1_base64="xUXlwByBPNuXSw3yPUrwD9lIT7I="></latexit>

S� = Sx � iSy
<latexit sha1_base64="4C20b6XJxzlEjGSwOSDIauiKpM4="></latexit>

|Dn
k i /

�
S�

�k |0i⌦n

Exact ground states of ferromagnetic Heisenberg & Lipkin-Meshkov-Glick Hamiltonians 

<latexit sha1_base64="KXxiqZDnz8b8rYPRdHS/FVctupM="></latexit>

�~S 2 = �
X

i,j

~Si · ~Sj

<latexit sha1_base64="5nusvz1CPVkqZDeAJpUJQ4sUJXw="></latexit>

�
X

i

~Si · ~Si+1

<latexit sha1_base64="QWiDGY7hvuZEOA+Qkqf/xt3M+AA="></latexit>

~S =
nX

i=1

~Si

<latexit sha1_base64="xoP5hId9bTmJH0z9twhOTbzx9W8="></latexit>

~Si =
1
2~�i

|1i =
✓

0
1

◆
|0i =

✓
1
0

◆



How to prepare on quantum computer?

“reference” state (product)

“Dicke operator” • unitary
• independent of 

<latexit sha1_base64="z7s7K3epPplOc5PwfDukx3oFrU4="></latexit>

k

<latexit sha1_base64="1EKDhQm3PpwuHDygefAwFZcXPak="></latexit>

|enk i = |0i⌦(n�k)|1i⌦k

<latexit sha1_base64="Ux8NdG5X6zaxrGktQ4xcv9+t1C0="></latexit>

Un |enk i = |Dn
k i

We seek:

<latexit sha1_base64="4C20b6XJxzlEjGSwOSDIauiKpM4="></latexit>

|Dn
k i /

�
S�

�k |0i⌦n <latexit sha1_base64="BhhQyBoc+gg+U7iIc3qLhPGSOo4="></latexit>

S� is not unitaryCannot implement 

Instead:



key idea:  recursion!

<latexit sha1_base64="c8fak5FUtnK/v4xpxhiWyba+NeI="></latexit>

|Dn
k i =

r
n� k

n
|Dn�1

k i ⌦ |0i+
r

k

n
|Dn�1

k�1 i ⌦ |1i

[Bärtschi, Eidenbenz 2019]

<latexit sha1_base64="ebyCxKw3r6UMs1a692WjJeUUC2g="></latexit>

|D4
2i =

1p
6
(|1100i+ |1010i+ |0110i+ |1001i+ |0101i+ |0011i)

<latexit sha1_base64="fUQkhJ7NWTiNeYyhF1N50YGYV5A="></latexit>

(|110i+ |101i+ |011i)⌦ |0i
<latexit sha1_base64="+v0xwRMtIncz836OTgsgyocCMmE="></latexit>

(|100i+ |010i+ |001i)⌦ |1i

<latexit sha1_base64="HnWVE6FHZ0sCI9qI8aZesqNeyN4="></latexit>| {z } <latexit sha1_base64="HnWVE6FHZ0sCI9qI8aZesqNeyN4="></latexit>| {z }

<latexit sha1_base64="iM52FUWh4THvvTTnVIgvD4OxEgw="></latexit>

|D4
2i =

r
1

2
|D3

2i ⌦ |0i+
r

1

2
|D3

1i ⌦ |1i

<latexit sha1_base64="8fUUOmgJziLXQ8IYYivbIJkLhwM="></latexit>

|Dn
k i = Un |ekiUse                          on both sides:

Ex:

<latexit sha1_base64="d7423B4vtnd6cuZOUeJtsiOHj5I="></latexit>

Un|enk i = (Un�1 ⌦ I)
 r

n� k

n
|en�1

k i ⌦ |0i+
r

k

n
|en�1

k�1i ⌦ |1i
!

<latexit sha1_base64="HnWVE6FHZ0sCI9qI8aZesqNeyN4="></latexit>| {z }
<latexit sha1_base64="1CpqnQg3Ru3gU+cdDQOgh14VbuA="></latexit>

⌘ Wn|enk i
independent of 

<latexit sha1_base64="z7s7K3epPplOc5PwfDukx3oFrU4="></latexit>

k

• unitary
•



<latexit sha1_base64="f8jyuAoUfGqqmqpCKm7DI0NwK5E="></latexit>

Wn|enk i =
r

n� k

n
|en�1

k i ⌦ |0i+
r

k

n
|en�1

k�1i ⌦ |1i

<latexit sha1_base64="RNq0S9bW04v1d1UF4gHAQ/h05KI="></latexit>

Un = (Un�1 ⌦ I)Wn )

<latexit sha1_base64="swjwD7iG/KeSyh0PqyBVYG0YIyE="></latexit>

Un =

y
nY

m=2

⇣
Wm ⌦ I⌦(n�m)

⌘

Suffices to construct         ’s  !
<latexit sha1_base64="mdIppXPgLp+4bwNjHExsyvA+xao="></latexit>

Wm



Constructing         ’s  
<latexit sha1_base64="mdIppXPgLp+4bwNjHExsyvA+xao="></latexit>

Wm

Strategy: look for operators         such that
<latexit sha1_base64="FSCTk0gIUQWNixLs0bZt1AB1SPM="></latexit>

Im,l

<latexit sha1_base64="CePVPeVEOPhD2S+Ojat0k9AHryk="></latexit>

Im,l0 |eml i =
(

|eml i l0 < l

Wm |eml i l0 = l

and

<latexit sha1_base64="JDD4jxqS0CD2yhUEmmcxSGHfiqA="></latexit>

Im,l0 (Im,l |eml i) = (Im,l |eml i) for l0 > l

<latexit sha1_base64="xAvYnRwrwxY7+6NgLXMgKnhwtBY="></latexit>

Wm =

x
m�1Y

l=1

Im,l

Then

Suffices to construct         ’s  !
<latexit sha1_base64="XojdfAIfCULIytUZgUJfFbPY9G4="></latexit>

Im,l

ordered so as to not interfere with each other

perform                  for fixed 
<latexit sha1_base64="lMlLAotV7GbAFZD3Xd9ixee0JuE="></latexit>

Wm |eml i <latexit sha1_base64="LIWN/nUAGFuTjGaBPZhg6pWKsZc="></latexit>

l

<latexit sha1_base64="PQiZjjMIaW5qu7NKpG3id4wBal0="></latexit>

|eml i = |0i⌦(m�l)|1i⌦l



<latexit sha1_base64="EqjLUdRflBBGlA8SbH/SoqNg7mE="></latexit>

|0 · · · 1 1 · · · 1 0i

<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0
<latexit sha1_base64="tMPRMSWPdq2izHxxIlcMGt56ZHg="></latexit>

l � 1
<latexit sha1_base64="IDtmR6MT4542CgPMRxq3Wl8kLyo="></latexit>

l
<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0
<latexit sha1_base64="tMPRMSWPdq2izHxxIlcMGt56ZHg="></latexit>

l � 1
<latexit sha1_base64="IDtmR6MT4542CgPMRxq3Wl8kLyo="></latexit>

l
<latexit sha1_base64="sCHRNPHgXJ4xXNlVXQUj31pykr8="></latexit>

0
<latexit sha1_base64="tMPRMSWPdq2izHxxIlcMGt56ZHg="></latexit>

l � 1
<latexit sha1_base64="IDtmR6MT4542CgPMRxq3Wl8kLyo="></latexit>

l

<latexit sha1_base64="xWYoscmuLS8bnRcXZ+lSY1D756M="></latexit>

|0 · · · 0 1 · · · 1 1i
<latexit sha1_base64="xWYoscmuLS8bnRcXZ+lSY1D756M="></latexit>

|0 · · · 0 1 · · · 1 1i

<latexit sha1_base64="EoWCXeZk9snrT2RofDEBXW+/53o="></latexit>

Im,l : |0il |1il�1 |1i0 7!
r

m� l

m
|1il |1il�1 |0i0 +

r
l

m
|0il |1il�1 |1i0

<latexit sha1_base64="AijzoKApOyGz987H+KrFpW35gAY="></latexit>

Im,l|eml i = Wm |eml i
<latexit sha1_base64="lu4fJ9Yxayd/Oz+3jwGxmSYems8="></latexit>

= Wm |0i⌦(m�l)|1i⌦l =

r
m� l

m
|0i⌦(m�l�1)|1i⌦l ⌦ |0i+

r
l

m
|0i⌦(m�l)|1i⌦(l�1) ⌦ |1i

<latexit sha1_base64="/fWrMPskU0Ou5wfrYHgEp0btM5g="></latexit>⌅

Constructing         ’s  
<latexit sha1_base64="XojdfAIfCULIytUZgUJfFbPY9G4="></latexit>

Im,l

<latexit sha1_base64="XXOdXgzgAt7J+JHl1j/dj01YSxc="></latexit>

R(✓) =

 
cos( ✓2 ) � sin( ✓2 )

sin( ✓2 ) cos( ✓2 )

!

<latexit sha1_base64="UKDquzGXv/R/ZJdB5L9zerUaKIw="></latexit>

cos(
✓

2
)

<latexit sha1_base64="m/RkdrNyJaKNUMy7hijgYYssLrY="></latexit>

� sin(
✓

2
)

<latexit sha1_base64="q4rFVYyt+bx/Z6yVGewsqCTYheM="></latexit>|{z}<latexit sha1_base64="1Ql46OVeF4NLIQegEm4pM6c3aD8="></latexit>| {z }

circuit size  = 
<latexit sha1_base64="22dmi3BX0y1F8CUI81CC8D7+qUA="></latexit>

O (M(L�M))



Ex:
<latexit sha1_base64="02rn6Mmlvst0vR7H7ZaHx0hMuq4="></latexit>

|D4
2i

<latexit sha1_base64="wfaRWV5JFfn6BKXnMw2NiH2EhPc="></latexit>

W4
<latexit sha1_base64="/0a4OK6BJ10uHZrqSKohYFawCoU="></latexit>

W3
<latexit sha1_base64="GWUHeQCzXRIZDTB/KaCQFoC7uDs="></latexit>

W2

<latexit sha1_base64="we6DIjD2cYJnhfV35DZI06PhPrE="></latexit>

|e42i



Generalizations:

higher spin•

• higher rank RN, Raveh arXiv: 2301.04989

RN, Ravanini, Raveh arXiv: 2402.03233

• q-deformation Raveh, RN arXiv: 2308.08392



3. Bethe state preparation



Closed periodic spin-1/2 XXZ chain
<latexit sha1_base64="lXBGJkxqypa1jXmws9oEsLUp380="></latexit>

H = �
1
2

LX

n=1

�
�x
n�

x
n+1 + �y

n�
y
n+1 +�

�
�z
n�

z
n+1 � I

��
, ~�L+1 = ~�1

Previous:

Van Dyke, Barron, Mayhall, Barnes, Economou  2021

Sopena, Gordon, García-Martín, Sierra, López  2022

•

•

coordinate BA probabilistic; ancillas, real Bethe roots

How to prepare corresponding Bethe state             on quantum computer?

Assume Bethe roots                       are known.
<latexit sha1_base64="DTqhvKsbrXXh6CS6LiHo7AF9Kyo="></latexit>

{k1, . . . , kM}
<latexit sha1_base64="/wxoAKkBVkUhhZT8JDHwQYafCqg="></latexit>

|BL
M i

<latexit sha1_base64="QY0yv35lt8Tl03rJqBed4IlmeEE="></latexit>

|B4
2i /f(0011) |0011i+ f(0101) |0101i+ f(1001) |1001i

+f(0110) |0110i+ f(1010) |1010i+ f(1100) |1100i
Ex:

algebraic BA deterministic; QR decompositions

coordinate BAD. Raveh, RN 2024 deterministic; no ancillas or QR decomps

Ruiz, Sopena, Gordon, Sierra, López  2023• algebraic/coordinate BA proposed analytical formulae for unitaries

Today:

Bethe state
<latexit sha1_base64="V2mAqLwhAJj/PiK3uadFdZf7sSQ="></latexit>

|BL
M i /

X

w2P (L,M)

f(w) |wi

set of all permutations of M 1’s and L-M 0’s



Closed periodic spin-1/2 XXZ chain
<latexit sha1_base64="lXBGJkxqypa1jXmws9oEsLUp380="></latexit>

H = �
1
2

LX

n=1

�
�x
n�

x
n+1 + �y

n�
y
n+1 +�

�
�z
n�

z
n+1 � I

��
, ~�L+1 = ~�1

Bethe state

Previous:

Van Dyke, Barron, Mayhall, Barnes, Economou  2021

Sopena, Gordon, García-Martín, Sierra, López  2022

•

•

coordinate BA probabilistic; ancillas, real Bethe roots

How to prepare corresponding Bethe state             on quantum computer?

Assume Bethe roots                       are known.
<latexit sha1_base64="DTqhvKsbrXXh6CS6LiHo7AF9Kyo="></latexit>

{k1, . . . , kM}
<latexit sha1_base64="/wxoAKkBVkUhhZT8JDHwQYafCqg="></latexit>

|BL
M i

<latexit sha1_base64="V2mAqLwhAJj/PiK3uadFdZf7sSQ="></latexit>

|BL
M i /

X

w2P (L,M)

f(w) |wi

algebraic BA deterministic; QR decompositions

coordinate BAD. Raveh, RN 2024 deterministic; no ancillas or QR decomps

Ruiz, Sopena, Gordon, Sierra, López  2023• algebraic/coordinate BA

<latexit sha1_base64="QY0yv35lt8Tl03rJqBed4IlmeEE="></latexit>

|B4
2i /f(0011) |0011i+ f(0101) |0101i+ f(1001) |1001i

+f(0110) |0110i+ f(1010) |1010i+ f(1100) |1100i
Ex:

proposed analytical formulae for unitaries

Today:

<latexit sha1_base64="8ClxRlEjRugNqb58bqrjgYqlJQk="></latexit>

f(w) =
X

�2Perm(1,. . . , M)

"(�)A(k�(1), · · · , k�(M)) e
i
PM

j=1 k�(j)xj

<latexit sha1_base64="0QE33NSHevJJiLuHCF71PDsx/BE="></latexit>

xj 2 {1, . . . , L} positions of 1’s in w



Closed periodic spin-1/2 XXZ chain
<latexit sha1_base64="lXBGJkxqypa1jXmws9oEsLUp380="></latexit>

H = �
1
2

LX

n=1

�
�x
n�

x
n+1 + �y

n�
y
n+1 +�

�
�z
n�

z
n+1 � I

��
, ~�L+1 = ~�1

Bethe state

Previous:

Van Dyke, Barron, Mayhall, Barnes, Economou  2021

Sopena, Gordon, García-Martín, Sierra, López  2022

•

•

coordinate BA probabilistic; ancillas, real Bethe roots

How to prepare corresponding Bethe state             on quantum computer?

Assume Bethe roots                       are known.
<latexit sha1_base64="DTqhvKsbrXXh6CS6LiHo7AF9Kyo="></latexit>

{k1, . . . , kM}
<latexit sha1_base64="/wxoAKkBVkUhhZT8JDHwQYafCqg="></latexit>
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M i

<latexit sha1_base64="V2mAqLwhAJj/PiK3uadFdZf7sSQ="></latexit>
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M i /

X

w2P (L,M)

f(w) |wi

algebraic BA deterministic; QR decompositions

coordinate BAD. Raveh, RN 2024 deterministic; no ancillas or QR decomps

Ruiz, Sopena, Gordon, Sierra, López  2023• algebraic/coordinate BA

<latexit sha1_base64="QY0yv35lt8Tl03rJqBed4IlmeEE="></latexit>

|B4
2i /f(0011) |0011i+ f(0101) |0101i+ f(1001) |1001i

+f(0110) |0110i+ f(1010) |1010i+ f(1100) |1100i
Ex:

proposed analytical formulae for unitaries

Today:

<latexit sha1_base64="8ClxRlEjRugNqb58bqrjgYqlJQk="></latexit>

f(w) =
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"(�)A(k�(1), · · · , k�(M)) e
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PM

j=1 k�(j)xj

known!
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w=ab

f(w) |wi

Ex:  For
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permutations w of the form a b  
(concatenation)

<latexit sha1_base64="cxwglTD4XzrWN0buMdQW03DiLbc="></latexit>

|wi = |ai|bi

<latexit sha1_base64="V3krqLDfJ0hXhObH6nDmRYI5QuI="></latexit>

b = {} We’ll do recursion over length of b!

“b-tail” of (ends  in b)
<latexit sha1_base64="/wxoAKkBVkUhhZT8JDHwQYafCqg="></latexit>
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Um |0i⌦(m�l) |1i⌦l |biL�m = | (b)iL

“Bethe operator” • unitary
• independent of l, b
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| (b)i = G(0b) | (0b)i+G(1b) | (1b)i
<latexit sha1_base64="9Gx20Y74d/Od85CczdDZvvyIuAY="></latexit>

G(ib) =
F (ib)

F (b)
, i = 0, 1

Ex:  For
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F (0)
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b = {} :

Define:
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• independent of l, b
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= =
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Um |0i⌦(m�l) |1i⌦l |biL�m = | (b)iL

“Bethe operator” • unitary
• independent of l, b
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Recursion:
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| (b)i = G(0b) | (0b)i+G(1b) | (1b)i
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Use (1) on both sides of (2) to obtain recursion for 
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Um = Um�1Wm

<latexit sha1_base64="Os/TTe7jVlg+mgJDUldVI24jDYo="></latexit>

Wm |0i⌦(m�l) |1i⌦l |biL�m = G(0b) |0i⌦(m�l�1) |1i |1i⌦(l�1) |0i |biL�m

+G(1b) |0i⌦(m�l�1) |0i |1i⌦(l�1) |1i |biL�m

<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)
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y
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Wm

Suffices to construct         ’s  !
<latexit sha1_base64="mdIppXPgLp+4bwNjHExsyvA+xao="></latexit>

Wm

Strategy: look for operators         such that
<latexit sha1_base64="FSCTk0gIUQWNixLs0bZt1AB1SPM="></latexit>

Im,l

<latexit sha1_base64="xAvYnRwrwxY7+6NgLXMgKnhwtBY="></latexit>

Wm =

x
m�1Y

l=1

Im,l

Then

Suffices to construct         ’s  !
<latexit sha1_base64="XojdfAIfCULIytUZgUJfFbPY9G4="></latexit>

Im,l

ordered so as to not interfere with each other•

• perform                                            for fixed    for all 
<latexit sha1_base64="LIWN/nUAGFuTjGaBPZhg6pWKsZc="></latexit>

l
<latexit sha1_base64="cMNU7SLbFeY5yKpdVG7zY+ORhQI="></latexit>
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<latexit sha1_base64="XHzVWHTgngnXyx+2ip15uU4p/ik="></latexit>

|biL�m



: 
<latexit sha1_base64="XojdfAIfCULIytUZgUJfFbPY9G4="></latexit>

Im,l

Each u-gate has controls on the wires L−m+ l and L−m+ l−1 (the latter of which is present
if and only if l > 1).4 Additionally, because the angles depend on b, additional controls are
placed on wires 0 to L − m − 1 at the locations where the string b takes the value 1, to
di↵erentiate between di↵erent b (this method has been used before to generate states with
many free parameters, see e.g. [31]). For example, for L = 4, M = 2, u(m = 2, l = 1, b = 01)
has controls on the wires 3 and 0, whereas u(m = 2, l = 1, b = 10) has controls on the wires 3
and 1. For the case in which b in (3.12) is unique, these additional controls can be omitted.
Complete circuit diagrams for examples with L = 4, M = 2 and L = 6, M = 3 are displayed
in Figs. 2 and 3 in Appendix B. An implementation of this algorithm using Qiskit [30] is
available as Supplementary Material.
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Figure 1: Circuit diagrams for Im,l, with U(m, l) defined as a product of u-gates (3.12).
Additional controls on wires 0 to L −m − 1 (represented by a rectangle with 3 bullets) are
placed on each u(m, l, b) at the locations where b contains a one.

To summarize, the Bethe state �BL
M� is given by (3.3), where UL is given by (3.7) in terms

of Wm (3.11), where the operators Im,l are given by Fig. 1. The U -gate in Fig. 1 defined
in (3.12) is a product of u(m, l, b) gates (3.13), with additional controls on the wires 0 to
L −m − 1 at the locations of the ones in the string b.

The number of CNOT-gates in UL is given by

L

�
m=2

min(m−1,M)
�

l=max(M+m−L,1)
2 = 2M(L −M) , (3.15)

as follows from Eqs. (3.7) and (3.11). The number of u-gates in UL, considering (3.12), is
given by

L

�
m=2

min(m−1,M)
�

l=max(M+m−L,1)
�L −m
M − l� = �

L

M
� − 1 . (3.16)

We see that this circuit generates the state �BL
M�, which has �LM� free parameters f(w),

w ∈ P (L,M), with precisely �LM� − 1 rotations. The total circuit size, including preparing

4We follow Qiskit conventions, where e.g. �110� corresponds to �0� on wire 0 and �1� on wires 1 and 2.
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u(m, l, b)

all possible b’s for given m, l
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if and only if l > 1).4 Additionally, because the angles depend on b, additional controls are
placed on wires 0 to L − m − 1 at the locations where the string b takes the value 1, to
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<latexit sha1_base64="RO+RzFveXD1SsChJmbdlSJfT0Pw="></latexit>

U(m, l) =
Y

b2P (L�m,M�l)

u(m, l, b)

all possible b’s for given m, l

<latexit sha1_base64="aTvjiT0euV7D9Gwbo4yvc/R3s2M="></latexit>

u(m, l, b) =

✓
cos( ✓2 ) �ei� sin( ✓2 )

ei� sin( ✓2 ) ei(�+�) cos( ✓2 )

◆

<latexit sha1_base64="lsYf96rhbwFGbss98nJXvpTJgac="></latexit>

✓ = 2arccos (|G(1b)|) , � = arg(G(0b))� ⇡ , � = arg(G(1b))� �

controls where b’s have 1’s

<latexit sha1_base64="/fWrMPskU0Ou5wfrYHgEp0btM5g="></latexit>⌅



Ex:  (L,M) = (4,2)

Figure 2: The complete circuit diagram for the open XXZ Bethe state with � = 0.5, h =
0.1, h′ = 0.3, see (A.8), for the case L = 4, M = 2, and Bethe roots 0.682741, 1.38561. Here
the barriers separate the di↵erent Wm, see (3.7) and (3.11). The fourth and fifth u-gates
correspond respectively to b = 10 and b = 01.

Figure 3: The complete circuit diagram for the closed XXZ Bethe state with � = 1.005, see
(A.1), for the case L = 6, M = 3, and Bethe roots 0.0112138, 1.04159 − 0.7291i, 1.04159 +
0.7291i. Here the barriers separate the di↵erent Wm, see (3.7) and (3.11).
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b = 10
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b = 01



Ex:  (L,M) = (4,2)
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(A.1), for the case L = 6, M = 3, and Bethe roots 0.0112138, 1.04159 − 0.7291i, 1.04159 +
0.7291i. Here the barriers separate the di↵erent Wm, see (3.7) and (3.11).
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controls differentiate different b’s
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Same as circuit for Dicke state          except for angles & these gates
<latexit sha1_base64="QcpjRd78Z4mKeeytl9uORs5cSvI="></latexit>
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Figure 2: The complete circuit diagram for the open XXZ Bethe state with � = 0.5, h =
0.1, h′ = 0.3, see (A.8), for the case L = 4, M = 2, and Bethe roots 0.682741, 1.38561. Here
the barriers separate the di↵erent Wm, see (3.7) and (3.11). The fourth and fifth u-gates
correspond respectively to b = 10 and b = 01.

Figure 3: The complete circuit diagram for the closed XXZ Bethe state with � = 1.005, see
(A.1), for the case L = 6, M = 3, and Bethe roots 0.0112138, 1.04159 − 0.7291i, 1.04159 +
0.7291i. Here the barriers separate the di↵erent Wm, see (3.7) and (3.11).
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<latexit sha1_base64="/QpwDPJXS41O9Eh5725sX4T3Nh8="></latexit>

W4
<latexit sha1_base64="BDpN/Lfr4WVJvZRIccFlxi+aGNI="></latexit>

W3
<latexit sha1_base64="uHGHW46PUrYhfDW0fnlXATtEjDU="></latexit>

W2

circuit size  = 

<latexit sha1_base64="2kgf0r+oyc555oYO2emMI6QM01g="></latexit>

O

✓✓
L

M

◆◆
<latexit sha1_base64="Zyu4yVTWTnlzHfcnWpgLQUtawZA="></latexit>)

For M=L/2
<latexit sha1_base64="pD2dYP61FDhu2icnFB9l6kN42wM="></latexit>✓

L

L/2

◆
⇠ 2Lp

⇡L/2 ☹

expect ~ optimal~ #          ’s
<latexit sha1_base64="EmjNIADO4Ogyihl1X/8YXKDaCL0="></latexit>

f(w)



4. Bethe roots from VQE



hybrid quantum/classical algorithm for estimating the 
ground-state energy  of a Hamiltonian  using the variational theorem

<latexit sha1_base64="E246Yd9ESXwzpgVcQ2hZceV///8="></latexit>

E0 H

iteration:

quantum h (~✓(n))|H| (~✓(n))i

~✓(n) ! ~✓(n+1)classical

~✓(0)

normalized trial state | (~✓)i  parameters ~✓

variational theorem
<latexit sha1_base64="qbmzK917K8K/8eU3eQ8Fb/iJYek="></latexit>)

<latexit sha1_base64="IxeZs4zU/ifCWZm8X2l2YpxSWwY="></latexit>

hHi � E0

Variational Quantum Eigensolver (VQE): 

Raveh, RN 2404.18244

To test this idea, we instead used classical simulators.

classical simulators

Bethe equations are generally hard to solve. Can quantum computers help?

Estimate Bethe roots using VQE,  taking exact Bethe states as trial states,
and treating Bethe roots  as variational parameters 

<latexit sha1_base64="T2jL0zwUIRci9KutFOKW+1WdEzo="></latexit>

~k



Classical simulators:

Qiskit Statevector simulator:

Qiskit Aer simulator:

performs matrix arithmetic to compute exact expectation values 

noiseless simulation using 10,000 shots (trials)

Closed chain

<latexit sha1_base64="zWLkORcy+k9yYgyZLKXyNep0OmI="></latexit>

H = 1
4

LX

n=1

�
�x
n�

x
n+1 + �y

n�
y
n+1 +��z

n�
z
n+1

�
, ~�L+1 = ~�1

XXZ models:

Open chain

<latexit sha1_base64="G+joIQz6uRWtqy4Yb7wnHKqbu0k="></latexit>
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The state-preparation algorithm works for any U(1)-invariant model, including open XXZ

[Alcaraz, Barber, Batchelor, Baxter, Quispel  (1987)]

boundary magnetic fields



Ground-state Bethe roots:

Closed chain
<latexit sha1_base64="OagBDUkTTucws9P8K7S3ri8nC+g="></latexit>

� = 2

Bethe roots real

Newton’s method - Mathematica



Ground-state Bethe roots:

Closed chain
<latexit sha1_base64="OagBDUkTTucws9P8K7S3ri8nC+g="></latexit>

� = 2

Bethe roots real



Ground-state Bethe roots:

Closed chain
<latexit sha1_base64="OagBDUkTTucws9P8K7S3ri8nC+g="></latexit>

� = 2

Bethe roots real

Open chain
<latexit sha1_base64="icaZyssY87kxOBuyLcLhOwYSMRI="></latexit>

� = 1/2 , h = 3 , h0 = 3/10

One complex Bethe root



Instead of minimizing 
<latexit sha1_base64="REFzJz4uqoODCJUxcFwXHAHd9Ho="></latexit>

hHi , we now minimize the variance
<latexit sha1_base64="95nAgqJhgK4yDcBrw6nzwG+rZ9k="></latexit>

h(H� hHi)2i = hH
2
i � hHi

2
� 0

[Zhang, Chen, Yuan, Yin  (2020)]

Excited-state Bethe roots:

Closed chain
<latexit sha1_base64="OagBDUkTTucws9P8K7S3ri8nC+g="></latexit>

� = 2

Open chain
<latexit sha1_base64="icaZyssY87kxOBuyLcLhOwYSMRI="></latexit>

� = 1/2 , h = 3 , h0 = 3/10

(selected)

(selected)

(  for exact eigenstate)
<latexit sha1_base64="ZCQmD/FhfLrTII2jfsp0EnTG26U="></latexit>

= 0

multiple complex Bethe roots



5. Outlook



Works for any U(1)-eigenstate

•

• Reduce circuit size and/or depth?

•

Thank you for your attention!

Used for estimating Bethe roots•

• Models without U(1) symmetry?

Higher spin? Higher rank?

Piroli, Styliaris, Cirac 2024ancillas, measurements,  feedforward operations

Mao, Tian, Sun 2024

Deterministic algorithm for preparing exact Bethe states

• Exploit integrability?


