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periodic XXX spin chain 

QQ-system

periodic XXZ spin chain 

boundary XXZ spin chain boundary XXX spin chain 



Periodic XXX spin chain: definition

H =
N

∑
k=1

⃗σk ⋅ ⃗σk+1 , ⃗σN+1 ≡ ⃗σ1 .

ℝ(u) = (u −
i
2

)𝕀 + iℙ

𝕋(u) = tr0(𝕄0(u)) [𝕋(u), 𝕋(v)] = 0

|0⟩ = (1
0)

⊗N

𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩

𝕄0 = (𝔸(u) 𝔹(u)
ℂ(u) 𝔻(u))𝕄0(u) = ℝ01(u) ℝ02(u)…ℝ0N(u)

𝕋(u) |u1, …, uM⟩ = T(u) |u1, …, uM⟩

T(u) Q(u) = (u + i/2)NQ(u − i) + (u − i/2)NQ(u + i) Q(u) =
M

∏
j=1

(u − uj)

uj + i
2

uj − i
2

N

= −
M

∏
k=1

uj − uk + i
uj − uk − i

, j = 1…M

spectral problem

algebraic BA

transfer matrix

eigenvectors

TQ equation

Bethe ansatz 



periodic XXX spin chain: Bethe ansatz solutions

{
i
2

, −
i
2

, u1, …, uM−2}

M−2

∏
j=1

(uj + i
2 )

(uj − i
2 )

(uj + 3i
2 )

(uj − 3i
2 )

= (−1)N

Physical solution:        is an eigenvector of    𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩ 𝕋(u)

admissible solution: all roots are finite, pairwise distinct  
                                      and if the solution is singular

{u1, …, uM}

is satisfied

Admissible = physical 𝒩(N, M) = ( N
M) − ( N

M − 1)

Bethe ansatz 
uj + i

2

uj − i
2

N

= −
M

∏
k=1

uj − uk + i
uj − uk − i

, j = 1…M



periodic XXX spin chain: QQ-system Marboe, Volin [17]

Focus on an M magnon state

s

a
Young tableaux

Qa+1,s(u) Qa,s+1(u) ∝ Q+
a+1,s+1(u) Q−

a,s(u) − Q−
a+1,s+1(u) Q+

a,s(u)

QQ-equations

Q0,0(u) = uN , Q1,0(u) = Q(u) =
M

∏
j=1

(u − uj)

f ±(u) = f(u ± i
2

)

unique solution with deg(Qa,s)
number of boxes to the right and top

polynomial solutions: admissible Bethe roots

1 1 1 1 1

1 1

Q0,0

Q1,0

Q0,1

Q1,1

Q0,M Q0,N−M

1 1



periodic XXX spin chain: solving the QQ-system

(a, s) = (1,0)

Qa+1,s(u) Qa,s+1(u) ∝ Q+
a+1,s+1(u) Q−

a,s(u) − Q−
a+1,s+1(u) Q+

a,s(u)

Q1,1(u) = Q+
1,0(u) − Q−

1,0(u) ≡ Q′￼1,0(u) = Q′￼(u) f′￼(u) = f +(u) − f −(u)

(a, s) = (0,0) Q0,1Q1,0 = Q−
0,0Q+

1,1 − Q+
0,0Q

−
1,1 Q0,1Q = Q−

0,0Q++ + Q+
0,0Q

−− − Q(Q−
0,0 + Q+

0,0)

(Q0,1 + Q−
0,0 + Q+

0,0)Q = Q−
0,0Q++ + Q+

0,0Q
−−

T = Q0,1 + Q−
0,0 + Q+

0,0

Polynomiality of all  is equivalent to the admissibility of the Bethe rootsQa,s

Polynomiality of  is equivalent to the polynomiality of : Bethe ansatz equationsQ0,1 T

1 1 1 1 1

1 1

Q0,0

Q1,0

Q0,1

Q1,1

Q0,M Q0,N−M

1 1



periodic XXX spin chain: the P-function
Pronko, Stroganov [99]

Q0,0 = P+Q− − P−Q+ Q0,1 ∝ P′￼+Q′￼− − P′￼−Q′￼+

Q1,2 = Q′￼′￼, Q0,2 ∝ P′￼′￼+Q′￼′￼− − P′￼′￼−Q′￼′￼+

Q1,n = Q(n) , Q0,n ∝ P(n)+Q(n)− − P(n)−Q(n)+

Define  such thatP Q1,1 = Q′￼then

Q(u) = u+u−Q̄(u) , Q̄(u) = ∏
uj≠± i

2

(u − uj)R(u) =
uN

Q+Q−
=

uN−2

u++u−−Q̄+Q̄−

R =
P+

Q+
−

P−

Q−
= ( P

Q )
′￼

R = r +
q+

Q̄+
+

q−

Q̄−
+

a+

u++
+

a−

u−−
q+ = q+ , q− = − q−a± = ∓

T(∓ i
2 )

2iQ̄(± i
2 ) Q̄(∓ 3i

2 )

p′￼(u) =
1
u

, p(u) = − iψ(−iu +
1
2

)

a+ = − a−

(−1)M
Q̄(+ i

2 )Q̄(+ 3i
2 )

Q̄(− i
2 )Q̄(− 3i

2 )
= 1

P = ρQ + u+u−q + (a+ − a−)uQ̄ +
1
2

(a+ + a−)(p++ + p−−)Q

r = ρ′￼ = ρ+ − ρ−

T = P++Q−− − P−−Q++

we need to integrate

integrate

polynomiality

 function satisfiesP



periodic XXX spin chain: numerical solution of QQ

Q[0,0,u_] := uL

Q[1,0,u_] := Sum[c[k]uk, {k,0,M − 1}] + uM

Q[1,n_, u_] := Q[1,n − 1,u + I/2] − Q[1,n − 1,u − I/2];
Q[0,n_, u_] := (Q[1,n, u + I/2]Q[0,n − 1,u − I/2] − Q[1,n, u − I/2]Q[0,n − 1,u + I/2])/Q[1,n − 1,u]
y[n_, u_] := PolynomialRemainder[Numerator[Together[Q[0,n, u]]], Denominator[Together[Q[0,n, u]]], u]

sol = Solve[Table[CoefficientList[y[n, u], u] = = 0,{n,1,M}], Table[c[k], {k,0,M − 1}]]

N = L = 6 M = 2

mathematica code to solve QQ-system

example

Solve[(Q[1,0,u]/ . sol[[1]]) = = 0,u]//Flatten

{c(0) →
1
4

, c(1) → 0}, {c(0) →
1
20 (−5 − 2 5), c(1) → 0}, {c(0) →

1
20 (2 5 − 5), c(1) → 0}, {c(0) → −

1
8

, c(1) → −
3

4 }, {c(0) → −
1
8

, c(1) →
3

4 }, {c(0) →
1
16 (5 − 17), c(1) → −

1
4

3
2 (9 − 17)}

{u → −
i
2

, u →
i
2 }

, {c(0) →
1
16 (5 − 17), c(1) →

1
4

3
2 (9 − 17)}, {c(0) →

1
16 (5 + 17), c(1) → −

1
4

3
2 (9 + 17)}, {c(0) →

1
16 (5 + 17), c(1) →

1
4

3
2 (9 + 17)}

9 solutions

Bethe roots from Q1,0



periodic XXX spin chain 

QQ-system

periodic XXZ spin chain 

boundary XXZ spin chain boundary XXX spin chain 



Periodic XXZ spin chain: definition

|0⟩ = (1
0)

⊗N

𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩ 𝕋(u) |u1, …, uM⟩ = T(u) |u1, …, uM⟩

spectral problem

transfer matrix

eigenvectors

TQ equation

Bethe ansatz 

H =
N

∑
k=1

[σx
kσx

k+1 + σy
k σy

k+1 +
1
2

(q + q−1)σz
kσz

k+1] , ⃗σN+1 ≡ ⃗σ1

ℝ(u) =

sinh(u + η
2 ) 0 0 0

0 sinh(u − η
2 ) sinh(η) 0

0 sinh(η) sinh(u − η
2 ) 0

0 0 0 sinh(u + η
2 )

T(u) Q(u) = sinhN(u+ η
2 ) Q(u − η) + sinhN(u− η

2 ) Q(u + η)

𝕄0(u) = ℝ01(u) ℝ02(u)…ℝ0N(u)

𝕄0 = (𝔸(u) 𝔹(u)
ℂ(u) 𝔻(u))

Q(u) =
M

∏
j=1

sinh(u − uj)

sinh(uk + η
2 )

sinh(uk − η
2 )

N

= −
M

∏
j=1

sinh(uk − uj + η)
sinh(uk − uj − η)

, k = 1,…, M

q = eη



periodic XXX spin chain: Bethe ansatz solutions

Physical solution:  is an eigenvector of  𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩ 𝕋(u)

admissible solution: all roots are finite, pairwise distinct  
                                      and if the solution is singular

{u1, …, uM}

is satisfied

Admissible = physical

Bethe ansatz 
sinh(uk + η

2 )

sinh(uk − η
2 )

N

= −
M

∏
j=1

sinh(uk − uj + η)
sinh(uk − uj − η)

, k = 1,…, M

{−
η
2

,
η
2

, u1, …, uM−2}

Q̄(+ η
2 )Q̄(+ 3η

2 )

Q̄(− η
2 )Q̄(− 3η

2 )
= (−1)N Q̄(u) =

M−2

∏
j=1

sinh(u − uj)

𝒩(N, M) = ( N
M)



periodic XXZ spin chain: QQ-system

Focus on an M magnon state

s

a
Young tableaux

QQ-equations

polynomial solutions in  and : admissible Bethe roots. proved using t t−1 P(t)

1 1 1 1 1

Q0,0

Q1,0

Q0,1

Q1,1

Q0,M Q0,N−M

t = eu t−1 = e−u

f ±(t) = f(tq± 1
2 )Qa+1,s(t) Qa,s+1(t) ∝ Q+

a+1,s+1(t) Q−
a,s(t) − Q−

a+1,s+1(t) Q+
a,s(t)

q = eη Qa,s(t, t−1) ≡ Qa,s(t)

Q0,0(t) = (t − t−1)N , Q1,0(t) = Q(t) =
M

∏
j=1

(tt−1
j − t−1tj)



periodic XXX spin chain 

QQ-system

periodic XXZ spin chain 

boundary XXZ spin chain boundary XXX spin chain 



Open XXX spin chain: definition

H =
N−1

∑
k=1

⃗σk ⋅ ⃗σk+1

[𝕋(u), 𝕋(v)] = 0

|0⟩ = (1
0)

⊗N

𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩ 𝕋(u) |u1, …, uM⟩ = T(u) |u1, …, uM⟩

spectral problem

transfer matrix

eigenvectors

TQ equation

Bethe ansatz 

𝕋(u) = tr0𝕌0(u) , 𝕌0(u) = 𝕄0(u) ̂𝕄 0(u) ̂𝕄 0(u) = ℝ0N(u)⋯ℝ02(u) ℝ01(u)

𝕋(u) = 𝕋(−u) 𝕌0(u) = (
𝔸(u) 𝔹(u)
ℂ(u) u−

u 𝔻(u) + i
2u 𝔸(u))

𝕂(u) = 𝕀

u T(u) Q(u) = (u+)2N+1 Q−−(u) + (u−)2N+1 Q++(u) , Q(u) =
M

∏
k=1

(u − uk) (u + uk)
uj + i

2

uj − i
2

2N

=
M

∏
k:k≠j

(uj − uk + i)(uj + uk + i)
(uj − uk − i)(uj + uk − i)

j = 1,…, M



open XXX spin chain: Bethe ansatz solutions

{0,i/2, − i/2}

Physical solution:  is an eigenvector of  𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩ 𝕋(u)

admissible solution: all roots are finite, pairwise distinct, not equal to 
                                      and satisfies   
                                     

{u1, …, uM}

Admissible = physical 𝒩(N, M) = ( N
M) − ( N

M − 1)

Bethe ansatz 
uj + i

2

uj − i
2

2N

=
M

∏
k:k≠j

(uj − uk + i)(uj + uk + i)
(uj − uk − i)(uj + uk − i)

j = 1,…, M

ℜe(uj) > 0

ℜe(uj) = 0  and  ℑm(uj) > 0
or



open XXX spin chain: QQ-system

Focus on an M magnon state

s

a
Young tableaux

u Qa+1,s(u) Qa,s+1(u) ∝ Q+
a+1,s+1(u) Q−

a,s(u) − Q−
a+1,s+1(u) Q+

a,s(u)

QQ-equations

Q0,0(u) = u2N  with  Q1,0(u) = Q(u) =
M

∏
k=1

(u − uk) (u + uk)

f ±(u) = f(u ± i
2

)

unique solution with deg(Qa,s) twice the number of boxes to the right and top

polynomial solutions: admissible Bethe roots

1 1 1 1 1

1 1

Q0,0

Q1,0

Q0,1

Q1,1

Q0,M Q0,N−M

1 1



periodic XXX spin chain 

QQ-system

periodic XXZ spin chain 

boundary XXZ spin chain boundary XXX spin chain 



Open XXZ spin chain: definition

H =
N−1

∑
k=1

[σx
kσx

k+1 + σy
k σy

k+1 +
1
2

(q + q−1)σz
kσz

k+1] −
1
2

(q − q−1)(σz
1 − σz

N)

|0⟩ = (1
0)

⊗N

𝔹(u1)…𝔹(uM) |0⟩ ≡ |u1, …, uM⟩ 𝕋(u) |u1, …, uM⟩ = T(u) |u1, …, uM⟩

spectral problem

transfer matrix

eigenvectors

TQ equation

Bethe ansatz 

sinh(2u) T(u) Q(u) = sinh(2u + η) sinh2N(u+ η
2 ) Q(u − η) + sinh(2u − η) sinh2N(u− η

2 ) Q(u + η)

sinh(uj + η
2 )

sinh(uj − η
2 )

2N

=
M

∏
k ≠ j
k = 1

sinh(uj − uk + η)sinh(uj + uk + η)
sinh(uj − uk − η)sinh(uj + uk − η)

, j = 1,…, M

𝕂L(u) = diag(e−u− η
2 , eu+ η

2 ) , 𝕂R(u) = diag(eu− η
2 , e−u+ η

2 ) .

𝕋(u) = tr0𝕂L
0(u) 𝕌0(u) 𝕌0(u) =

eu− η
2 𝔸(u) 𝔹(u)

ℂ(u) e−u− η
2 sinh(2u − η)
sinh(2u) 𝔻(u) + eu− η

2 sinh(η)
sinh(2u) 𝔸(u)𝕌0(u) = 𝕄0(u) 𝕂R

0(u) ̂𝕄 0(u)

Q(u) =
M

∏
k=1

sinh(u − uk) sinh(u + uk)



open XXZ spin chain: QQ-system

Focus on an M magnon state

s

a
Young tableaux

QQ-equations

polynomial solutions in  and : admissible Bethe roots. proved using t t−1 P(t)

1 1 1 1 1

Q0,0

Q1,0

Q0,1

Q1,1

Q0,M Q0,N−M

t = eu t−1 = e−u

f ±(t) = f(tq± 1
2 )(t2 − t−2) Qa+1,s(t) Qa,s+1(t) ∝ Q+

a+1,s+1(t) Q−
a,s(t) − Q−

a+1,s+1(t) Q+
a,s(t)

q = eη Qa,s(t, t−1) ≡ Qa,s(t)

Q0,0(t) = (t − t−1)2N  with  Q1,0(t) = Q(t) =
M

∏
k=1

(tt−1
k − t−1tk) (ttk − t−1t−1

k )



periodic XXX spin chain 

QQ-system

periodic XXZ spin chain 

boundary XXZ spin chain boundary XXX spin chain 
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