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QQ-system

periodic XXX spin chain —_—) periodic XXZ spin chain

boundary XXX spin chain — boundary XXZ spin chain



Periodic XXX spin chain: definition

N
spectral problem H = Z O * Ot Ony1 = O] -
k=1
. A _
algebraic BA R(u) = (u — é)l] iP My (1) = Ry, (1) Rop(ut). .. Ron() M, = (szi DEZ;
transfer matrix ~ T(u) = tro(My(u)) T(w), T(v)| =0
elgenvectors B(uy)...Bluy) 10) = [uy, ..., uy) T(w) |uy, ...,uy)) = Tw) | uy, ..., uy) 10) = (

M
TQ equation T(u) Q(u) = (u + i/2)"Qu — i) + (u — i/2)"Q(u + i) Ou) = H(u — u;)
j=1

\V
U + = M ou, —u, +i
Bethe ansatz /2 =_H ;K i=1..M
i . —u, — 1



periodic XXX spin chain: Bethe ansatz solutions

\NN
i, + = My —uy, + i
/) ] k .
Bethe ansatz —| = - I I -, J= 1. M ey {Uy, ..., uy}
u_i I/t-—l/tk—l

Physical solution:  B(u;)...B(u,,) |0) = |uy, ..., uy,) isaneigenvector of T(u)

admissible solution: all roots are finite, pairwise distinct [—, Uy e Uy o)
and if the solution is singular 2 2
M-2 (l/t i) (u 3i)
J 2 J 2 : —
H = (=1)" s satisfied

1 (=) (=3

S— o= (2)-()
Admissible = physical M=y M—1



periodic XXX spin chain: QQ-system Marboe, Volin [17]

Young tableaux

Focus on an M magnon state

da
. 1 1
.....
QQ-equations
Qo1 (1) Qs 1) % OF, (1) Q1) = Oy 411 (1) O (1) fi<u>=f<ui§>

M
Qo o(u) = u", Q) o(u) = 0(u) = H(u — ) unique solution with deg(Q, )
=1
number of boxes to the right and top

oolynomial solutions: admissible Bethe roots



periodic XXX spin chain: solving the QQ-system

1

Qa+1,s(u) Qa,s+1(u) X Q a+1 S+1(u) Qa S(l/t) Qa_+1,s+1(u) QZS(M)

1 1

f@) =fT(u) —f~(u)
(a,s) =(0,0) Oy 0= Q()_,()fol — Q&OQQ /-\ Qo109 = Q()_,()QJFJr 1 Q({OQ__ — O(Qyo + Q({O)
(Qo1+ Qoo+ Q(;fo)Q = 0y 00" + Q&OQ__
I'= Q1+ 0Qpot Q(IO

Qo,n-m

(a,s) = (1,00 Oy 1(w) = O y(u) — O1p(u) = Q) o(u) = Q'(u)

Polynomiality of Q) 1 is equivalent to the polynomiality of T: Bethe ansatz equations

Polynomiality of all Qa’S IS equivalent to the admissibility of the Bethe roots



periodic XXX spin chain: the P-function
Pronko, Stroganov [99]

Define Psuchthat  Qyq=PTQ~—P~Q* then Q=0 Q) xP*Q~ P~ 0"
0,=0". QppxP Q" -P Q"
Pt P~ P | _ N n n)— n)—(n
we need to integrate R = — (-) 0,,=0", O, xPWQW™ — pWmQt
ot Q- O
l/tN l/tN_2 . .
R =5 = o= QW= 0w, 0= 1;[ (u ~ u)
I(+3) o
R=rlq_+ 2= - | — Ay =+ . 3i 94=4q". 4-=-q
ot Q- utt  uT" 2i0(£5) ()
| , , |
integrate r=p =p—p°” p'(u) = — p(u) = — iy(—iu 2)
-1
P=pQ+uu~q+(a, —ajuQ + Sl + a_)(p™"+p )0 polynomiality a4 = —a_
~ I\ A 31
O+)0(+7)

(=1)" =

— =1
P function satisfies T=PHQ———P Q" Q(-%)Q(—%)



periodic XXX spin chain: numerical solution of QQ

mathematica code to solve QQ-system

0[0,0,u_] := u*

O[1,0,u_] := Sum[c[k]u*, {k,0.M — 1}] + uM

Olln_,u | =0|ln—1u+1/2]—-0|l,n—1,u—1/2];

Ol0,n_,u_|:=@Q[l,n,u+1/2]10[0,n — 1,u—1/2] — Oll,n,u —1/210[0,n — 1,u + 1/2])/0O[1.n — 1,u]

y[n_, u_] := PolynomialRemainder[Numerator| Together[Q[0,n, u]]], Denominator| Together[Q[0,n, u]]], u]

example N=L=6 M=2
sol = Solve[Table[CoefficientList[y[n, u], u] = = 0,{n,1,M}], Table[c[k], {k,0,M — 1}]] 9 solutions

1 1 1 1 V3 1 V3 1 1 /3
{C(O) — e(l) = 0}, {c(()) = (-5 —2\/§>,c(1) R 0}, {c(()) - (2\/3 —5>,c(1) R o}, {C(O) — - <) = _T}’ {C(O) — - <) = T}’ {C(O) - — (5 —\/1_7),0(1) R _Z\/E (9 —\/1_7)}

,{c(O)—>%<5—\/1_7),c(1)—>%\/% (9—\/1_7)},{c(0)+%<5+\/1_7),c(1)—> —%\/g <9+\/1_7)},{c(0)—>11—6<5+\/1_7),c(1)—&\/g <9+\/ﬁ>}

l l

Solve[(QO[1,0,u]/ . sol[[1]]) = = O,u]//Flatten {,H —;w;} Bethe roots from Q) g



QQ-system

periodic XXX spin chain —_— periodic XXZ spin chain

boundary XXX spin chain — boundary XXZ spin chain



Periodic XXZ spin chain: definition

N
spectral problem H = Z [@fﬁfﬂ +o)0,  + (61 + g~ 1o} 6,0 k+1] : Ont1 = O qg=-e"
1
sinh(u+3) 0 0 0 Mo(u) = Ry (1) R (14). .. Roa(u)
0 sinh(u—=)  sinh(y) 0
| B o :
transfer matrix (u) ) Goh(p  sinh—7) 0 Vi, = (A(u) (M))
| ' C(u) D(u)
0 0 0 smh(u+5)
: 1 KN
eigenvectors B(uy)... By |0) = uy, ..., uy) T(w) |uy, ...,uy)) = Tw) | uy, ..., uy) [0) = (0)
M
TQequation  T(w) Q(u) = sinh™(u+7) Q(u — i) + sinh™(u— ) Q(u + ) O(u) = H sinh(u — u)
j=1

Bethe ansatz

N

sinh(u + g) sinh(uy, — u; + 1)

M
H sinh(uy, — u; — n) ’

J=1

k=1,....M

sinh(uy — )



periodic XXX spin chain: Bethe ansatz solutions

N
sinh(u, + — M sinh(u, — u. +

Bethe ansatz e+ 3) =_H . (e — 1 ﬂ), k=1,...M —_—  {Ufy ..., Uy
sinh (i, — g) i1 sinh(uy — u; — 1)

Physical solution: B(u,)...B(u,,) | 0) = |uy, ..., uy,) is an eigenvector of T(u)

admissible solution: all roots are finite, pairwise distinct (L1 Uy, ooty o)
and if the solution is singular 2 2 M-
- - 3n —
0(+3)0(+5) T
= c = (=1)V O(u) = H sinh(u — u;) is satisfied
A NN A
Q(_E)Q(_T) J=1

N
Admissible = physical N (N, M) = (M)



periodic XXZ spin chain: QQ-system

Young tableaux

o |9,
oo | | Xlaw] |
)
QQ-equations

OQui1s(0) Qas1 (D x Ot (D) QD) = Oy 511D OF (1) FE() = fltg*?)

Focus on an M magnon state

t=e" tl=e"

g=e" Q. tt =0,

Qon-m

Qoo = (=17, 0,1 = Q) = H(rz—l 1)

polynomial solutions in £ and ¢~ admissible Bethe roots. proved using P(f)



QQ-system

periodic XXX spin chain —_— periodic XXZ spin chain

boundary XXX spin chain — boundary XXZ spin chain



Open XXX spin chain: definition

N—1
spectral problem H = Z 0 ° 3k+1 K(u) =1
k=1
transfer matrix T(u) = tryUy(u) , Up(u) = My(u) mo(u) mo(u) = Rop (1) R (1) Ry (1)

A(u) (1)
T, Tm[ =0 Tw) = T(-u) L=\ cw b + 5o Au)

U

eigenvectors B(uy)...B(uy) [0) = uy, ..., uy) Tw) | uy, ..., uy) = Tw) | uy, ..., uy,) 0) = (é)w
M
TQequation 4T 0w = @M Q7w + @) 0w, 0w =[] (u—u) (u+u)
\2N k=1
._|_i M L ' . ]
Bethe ansatz K 3 — H o7 e l.)(u] T l.) ji=1,...M
i — = ooy (u; — wy — D + wy — 1)



open XXX spin chain: Bethe ansatz solutions

— M (u.— uy + i), + uy, + i)
? — I I / . / — j=1,...M - WUy oees Ups)
= o (u; — wy — D)(u; + wy — 1)

Bethe ansatz

Physical solution: B(u,)...B(u,,) | 0) = |uy, ..., uy,) is an eigenvector of T(u)

admissible solution: all roots are finite, pairwise distinct, not equal to 10,i/2, —i/2)
and satisfies
Re(u;) >0
or

Re(u) =0 and Sm(u;) > 0

Admissible = physical VN M) = <N> - ( N )
M M-1



open XXX spin chain: QQ-system

Young tableaux

Focus on an M magnon state

a
. 1 1
....I
QQ-equations
Q1 (1) Qs (1) % Q| (1) O () = Oy o1 (10) O () FEu) = fu + %')
M
Qo.olu) = u*N With Q1 0m) = 0u) = H (u — uk) (u + uk)
k=1

unique solution with deg(Qa’S) twice the number of boxes to the right and top

oolynomial solutions: admissible Bethe roots



QQ-system

periodic XXX spin chain —_— periodic XXZ spin chain

boundary XXX spin chain — boundary XXZ spin chain



Open XXZ spin chain: definition

AN X <X Y Y I —1N 2 ~2 I —1 Z Z
spectral problem  H = Z 0;.0iy1 T 0.0 T E(Q +q )00, | - E(Q — 4 )(61 — aN)

k=1
transfer matrix K (u) = diag(e ™7, e'*7), KR(u) = diag(e"™7,e™"*7).
T(w) = trofae) U () TP A 20
O(u) o e_”_% sinh(Qu — e”_% sinh
_ C(u) S D) D A\ (1)
[Uo(l/t) — Mo(u) [Kg(u) M O(u) sinh(2u) sinh(2u)
QN
elgenvectors B(uy)...B(uy) |0) = |uy, ..., uy) T(w) |uyy ...,uy) = Tw) | uy, ..., uy) |0) = ((1))

TQ equation  sinh(2u) T(«) Q(u) = sinh(2u + n) sinh®(u+=) Q(u — 1) + sinh(2u — ) sinh®(u—2) Q(u + )

2N
. sinh(u; + =) M sinh(y — w + psinhy + )
etne ansatz — : : s J = Loy
sinh(u; — %) - sinh(u; — w, — m)sinh(u; + uy;, — 1)




open XXZ spin chain: QQ-system

1 1 1 |
Focus on an M magnon state
a
f=e" tl=¢e" v Q0 |01
)

(tz - t_z) Qa+1,s(t) Qa,s+1(t) X c;|-+1,s+1(t) QCZ—,S(t) N Q61_+1,S+1(t) Q;:S(t) fi(t) Zf(tqi%)

|
Young tableaux

g=e" Q,tt™H)=0Q,,1

Qon-m

QQ-equations

M

Qo) = (t—1t™H?  with 0,00 =00 = | | (7" = 7'5) (11— 17'1")

k=1

polynomial solutions in £ and ¢~ admissible Bethe roots. proved using P(f)



QQ-system

periodic XXX spin chain —_—) periodic XXZ spin chain

boundary XXX spin chain — boundary XXZ spin chain

Cylinder partition function of the 6-vertex model from algebraic geometry,
Bajnok, Jacobsen,Jiong, Nepomechie, Zhang 2002.09019

Nepomechie: higher rank 2008.06823  poundary with parameters 1912.12702
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