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The mathematical problem

the integral equation for the unknown )(a(é’, B) : :
—B B
B
X0, B) — J K@ —0) y (0, B)dd = cosh(ab)
_B
The observable b 40 1
0, 4(B) = J cosh(f0),(0, By — = — 7.(if. B)
R 2r 2n
the small parameter B e~ B (log B)

trans-series

Aim: calculate a, ,, and understand the resurgence structure, i.e. whether g, , determines all a, ,,



Motivation from field theory: the O(N) (hon-linear) sigma model Asymptotically free

dynamically generated scale

N scalar fields in 2D living on the unit sphere CI)% + ...+ (I)ZZ\, =1

magnetic field is coupled the conserved O(N) fmy Op! O

%= {a DD, + 2ih(D, 0D, — ©,3,D,) + hH (D2 + ... + D2, — 1)}
\ bare coupling
Euclidean Hamiltonian H =X, —hQ,
Perturbation theory q)% — 1 — ,12((p22 + .+ (p]%,) Ap; = D,
o _ . D
e—VJ'(h)= J'@N l[qo]e [d"x Z(x) D=72_¢
dimensional regularisation
Legendre transformation groundstate energy

» = — 0F /o, e(p)‘jf(h) _ F(0) + ph
‘\\\\densﬂy

very hard

Bajnok, Balog, Basso, Korchemsky, Palla, Nucl.Phys.B 811 (2009) 438 , 0809.4952


https://arxiv.org/abs/0809.4952

Motivation: groundstate energy density in integrable models

xX=x+ L

multiparticle state on the circle p =msinh6 8-
momentum quantization p=mo Q N I

Thermodynamic limit of the Bethe Ansatz: TBA

eiijH S(H] — Hk) — 1]
k

B 27K (0) = — idylog S(0) 02
y(0) — J K@ — 0)y(0)d0" = mcoshé E = mcosh® E = m;
—B
density ground state energy density
5 de 5 de
pB) = | —x(0) e(B)=m| ——cosh6y(0)
J_B 277 J_p 271'
Integrable QFTs in a magnetic field coupled to a conserved charge H = H 0 hQ
particles chargedunder O  condense into the vacuum Er =mcoshO*h
Polyakov, Wiegmann, Phys.Lett.B 131 (1983) 121
[(5 = 5T (A = T+ 05 + A+ 2) O(N) non-linear sigma model
S(@) — /4 T /4 /4

(5 +2)0(A + 3901 = 29T(5 + A = 22)

Hasenfratz, Maggiore, Niedermayer, Phys.Lett.B 245 (1990) 522



Related problems

~B b

X (0:B)— | KO —0) x,0',B)d0 = cosh(ab) Onp(B) = J cosh(/0)y,(0, B)do

J_p —-B

2 dimensional integrable QFTs coupled to a conserved charge K(0) = l d,log S(6)

27 /’

Energy density @1,1(B) = e(B)/ m? Density @1 O(B) = p(B)/m scattering matrix

O(N) sigma ) [(5 = 29T(A = 901 +290(5 + A +25) B
el 50) = - —2—21 . r 2 AT =N-2
odels [(5 +5T(A + (1 = )05 + A = )

N=1 SUSY O(N) sigma models ‘ O(N) and SU(N) chiral Gross-Neveu model

SU(N) principal chiral field, with various charges SU(2)=0(4) sigma model

|
O(3) model K@) = Lieb-Liniger model Gaudin-Yang model
02 + 7’

0 cT——
+0 com—

ial disk it =2 '
coaxial disk capacitor B_E Opo(B) capacity




Plan

Expansion of the TBA, perturbative coefficient q, ,

Analytic structure on the Borel plane from asymptotic a, 500

median resummation, non-perturbative contributions, trans-series
resurgence and trans-series in the O(3) model, instantons
Solution based on the Wiener-Hopf and full analytic trans-series

Conclusions, outlook



Large B expansion of the TBA O(4) model

Volin, Phys.Rev.D 81 (2010) 105008 -

The resolvent its Laplace transform z=2(0 — B)
B 10040
dg’ y(0' A dz
R(@) — J )(( ), R(S) = J' —OESZR(B + Z/2)
g 2m 00 oot 27T
density: residue at 0 energy: B J0 B
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perturbative expansion in 1/B Wiener-Hopf
_ C 0(4) o
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matched asymptotic
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https://arxiv.org/abs/0904.2744

Perturbative coefficients
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free energy in the running coupling — + 5 B — Py log Ba = log2p
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Comparing ordinary perturbation theory in N to expansionof TBAIn  — | e Niedermayer

A m Phys.Lett.B 245 (1990) 522
relation between mass and scale can be obtained miA = (8/e)~/1'(1 + A)
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https://arxiv.org/abs/0904.2744

Numerical data for O(4): asymptotic behaviour

o0
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Borel and inverse Borel transform

free energy fla) = Z ¥, a" J e W(t) = f(Q) Borel function
n=1

from integrability X

’ P(f) = Z ¢, 1"
\-/ n=1
perturbative coefficient grow factorially: K ntl
how to give meaning to the series? [+ 1)
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Conformal mapping vs numerical solution
0
——— .

Conformal mapping maps the t-plane to the unit u-disk 1 /1= 2
[) =
u(t) t
Pu) = Y b,u" P = ), bu)’
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N a) = g X1+ 1 a’+ a e~ V(1) dt
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Asymptotic analysis

Borel >
O(a) = 1+ 37 5,0" - Y=
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) ., +i0

Sm(® () = ine V¥ + iﬂe‘z/“(qo_ + q1+ a— + )

[Dorigoni, 2019] [Aniceto, Basar, Schiappa, 2019]



Asymptotics for f(@)

numerical fitting

€

2.80308535473939142809960724226717498614747943851074832268840733301275 7308679469635279683810414002887

~ . 1
pT=—— for 150 digits pt=— q =—for 80 digits
87 en en
o - 16 [ 3
Po for 147 digits pi=0 G5 =— <_Z)
B e e
P1 = for 144 digits
4 ; pi =0 Wi == (13>
- e<1 35) elg 399 3
P — \ == — — _
2 T4\ 2 47 o =g <‘% §C3>
http://wayback.cecm.sfu.ca/
projects/EZFace/
A_f Af ;
J J A7
» +i0

-

imaginary ambiguity

A7
—
)

Sm(f ™M (@) = -

/

¢, = 1.70067333
real ambiguity???

oco+i0
FS(a) =§[a J e % B(1) dt]

_4/a( dr 3m 137[052

e2 .26205 32e2 +)

s N

¢, = — 1.70067333(1) c, = 0.637752(1) c; = —0.1727(1)

—2/a +

ac



Median resummation and Stokes automorphism

— +1i0

S.(f)=fF =y, +ay, + e ™ W(H)dt —

—2X
S.(f) = S_(f) = — S, (€A f+ e Ay ft .. - 62 A2f+ )

Stokes automorphism

S, (H=8(&f) ; S(f)=5.(&7f)

Median resummation Sied(f) = S_(@%f) =9 +(@—%f) = S +(6%2e—nxAnf)

—X —2x —4x —4x

€ € €
Smed() = S, (fA > A f+ > Asf+ ... 4 A AL fA n

ASf+...)

age MO (3w 3y
! 2 S 4322 \256 87) B

We need A A,f

—— e S

— —10

cut of the cut of the cut...

. need the asymptotics of A, f
S, (Ayf) = S_(Ayf) =—=8,(e" A0, f) + ...
32 5 d
we found S . (f) = Re(S.(f)) + _4@—8/a(1 8“ L) d, = 0.58607 d—2 = —0.6246
e |



Comparison with TBA

Median resummation e~ o2 o4 o4 ,
Smed(f) = Sy (f+—Af- Asf+ ... A A fA ASf+...)
2 2 8 8
32 o Sa
fBorel — med(f) — 9%‘3(54_(][)) + ge (1 - ? +...)
4, T
dl — 058607 —_— = = 06246 1 1 1
d; —+——B——logBa =log2p
a 2 2
g%/ (frBA — fBorel)
We compare to the 0,90
numerical solution of TBA ot .
0.15- ¢ ,
i . °* humerics
0.10 . theory
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Trans-series

Analytic structure of the free energy on the Borel plane | $ ———
o0 0
. . _ _ _ —%m (m),  n—1
The expansion of the physical observable is a trans-series fla) = € Xn &
m=0 n=1
— 1 -~ 2 -~ 4
on’ = X e e ey
: 16i 16i 3 13 9 3 32 Sa
turbat __ L I O S A 2F=2(1—-—+ ...
oty areg e F (e e (i) ) e
(0)
4
X P
(0)
4
b2 1
large n asymptotics large n asymptotics

What is the full trans-series? Is it fixed by the perturbative part?



Asymptotic behaviour in O(3)

2n—1
perturbative coefficients grow factorially: C, = )(71:( ) Borel function Y1) = Z C, 1"
n

Pade approximant
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n / —
. Pt SIN006¢
Y1) ~ Zl:l P ° coxi0 '( —‘ —10

1+ m 1] 2t
217 2 fa)y=nr [ e« W(1) dt
improved with conformal mapping 23 2 1 9 o 1' > 3
Lateral Borel resummation
Asymptotic analysis %or 336 terms ag = 64 a 1
C =——2_na0<n+a1+ az I ) me’ ﬂ:_i aO_ 8 ﬁ=F(n+2)(bo+ﬁ+...)
boe? (n—1) a 2 "0 "
. ] ] n 167 2 6_% 7_
comparison to numerical solution Sm(f*) = ——e " + ﬂz a 427"
€ a =0
3
expected real deviation frea — Re(fT) = e «(by+ bya+ ...)
+ 2, 2
real deviation observed Jrea — Re(fT) = e “Ao(; +A;+Aloga+Aza+ ...)

Instantons???



Full trans-series solution in O(4) from Wiener-Hopf

2B
€ - - - g -
O, = 4—EG RORIZE uniquely defined and free of ambiguities, agrees with TBA
2 4 2 8 242 M=-
_ —2B | :,—4B —8B((; QA2
Wii=A1+Me " +ie7"5A] , +e 7 ((I5) °A] LA 5 +id,A47_y) + ...
1 v vA20ymn+9m+9n) v} (m? (640707 + 636yn +225) + 6mn(1067n +39) + 2251 )
A = + + !
n,m + + O (V )
m+n 4dmn 32m?n? 384m3n3
A
BAiy) bM  2SiBlA Ay 205:B(A1-ad-sy —
(2iS1)2B(A1,_2A_ 5 _2A 1)
o2 4 3
— —2B -4l +bL+...)B; ¢
general form Wl,l —_ Al,l Me Z (& 12 lSlllSlz' . 'Al,—2llA—211,—212° . 'A—lk,l

Ll

~(@I=-Dny
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Full trans-series solution in O(4) from Wiener-Hopf

— —2B —4(l;+1,+...)B; :
Wi =A +Me B4 ) o~dthtBis) iS) Al 5 Ay oy Ay
L.

Ik

Wi =Ap +Me™P +ie 8 A7, + e P((1S)°A] LA, +IiS,A7 )+ ...

alien derivatives AzkAn,m — ZiSzkAn,—zkA—zk,m

Perturbative series determines all non-perturbative corrections Smed(Al,l) — W1,1



Full trans-series solution in O(3) from Wiener-Hopf

Wi1 = Smed(@1.1) + Siea(@1 1) + Sppea(A_1 _1)

Wi =A + e (M+kA )+ e 5(iS,A2 , +K2A )+ ...

alien derivatives Ay A = 2050A, A

Perturbative series does not determine two “instanton” sectors in v



Conclusions

The integrable description enabled to calculate high number of perturbative coefficient with high precision in the
O(3) and O(4) models

The asymptotic analysis of the perturbative coefficients revealed the analytic structure on the Borel plane with
poles and cuts.

The various alien derivatives with the median resummation provided a trans-series ansatz, whose leading terms
matched perfectly with the numerical solution of the TBA equation in O(4)

However, it failed to describe the leading real deviation from TBA in the O(3). This might be related to instantons!

By expanding the integral equation using the Wiener-Hopf method, a trans-series form can be derived and
systematically calculated, which matches in the O(3) model with the numerical solutions of the TBA equation

The full trans-series solution is determined in terms of the perturbative A, , basis, which can be explicitly
calculated.

The perturbative part completely determines all the non-perturbative corrections in the O(N>3) models but not in
O(3), which might be related to an instanton saddle point



Standard perturbation theory

h? N-=2 1 1 N-2 1 1
Fh) = FO) = ———= +———h>{ — 4 L~ L 2R~y
212 A e 2 2 1672 € 2

Bajnok, Balog, Basso, Korchemsky, Palla, Nucl.Phys.B 811 (2009) 438 , 0809.4952 O_O /\

renormalized coupling

dg

12 = (ued)°z, g iy = P@ == pog’ = P& + ...
gy - g0y =11 b (i’ + 1) —op 2 (mh +2) + 0@
— =———94 — — n— A — n— A
> V2 P\ h T2 ST TS 8
RG invariant dynamically generated scale y=1-2A
IR S B A A N NP _ 1
A = e Vo = e W g A1 4 — = )P+ =
260 \ B Po N-—2
running coupling
1 3 h (1 1 Aa
—+ Alna =In—— F(h) — F(0) = — fyh - - O(a%)
a Azre a 2 2

After Legendre transformation

1 P a’ o’
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https://arxiv.org/abs/0809.4952

Wiener-Hopf solution

: r(6) :
S ACO R

1. Extend the integral equation for the whole line L(0) /\ R(0) )

Xn(0) = [ dO'K(0 — 0')x,(0") = r(0) + L(0) + R(0) -5 B

— 00 r(0) = cosh(n6)
2. Use Fourier transformation and invert the kernel (1-K W, =T+ L+R
——— =G, (0)C_(w) G.(w) are analytical on the UHP/LHP f. = eTi@Bf
1 — K(w)

3. By shifting the functions separate the equations into analytic on the UHP/LHP
A+

. 2 G_(w)
—=G_r,+a(G. X))+ G_X_ — 208
G. + ++ a(w) = e G ()
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o 2 w—w Fie
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X e
G_+ = (G_r+)(+) + (G(G+X+))(+) — 0, = 2—)(+(l)
. T

but where is the trans-series ?



Trans-series from Wiener-Hopf

after field redefinition and contour deformation (/N > 3)

. i [ a2ig)g,(2i5) 1
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@nm — - 4 G+(lm)G+(ln)Wn,m a+ :B
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Wy = —— + 215‘, it 1[ © D = Ayt Do e
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m—Kl T
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Analytical resurgence in O(4)

recall: matched asymptotic

Wiener-Hopf L mena

R(0) = 2A\/B Z

2 _— R2\n+1/2

e

Laplace transform

( \

0

the resolvent
s) = A F(1+s)
/ SF( + )

ZEk rkCk—rm—k = Z(ak rt G ) O 1k

Closed equations for the Q-s
ansatz+solution

00
@l,a X e(1+a)Bz C‘k(ZB)_k_l
k=0 : m

leading large k asymptotic

L1 $° O
L Bs B

\ 2 n,m=0 )

Qn,m

analytical solution

for large n

finite m
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