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A conformal energy

It was observed by Blaschke 1929, Willmore 1965 and others that

/ H? dA =: Willmore energy (or bending energy 1920)
Y =surf

is invariant under the conformal motions of E3 (basically
SO(4,1) action). These are the local maps p : E3 — E3 that
preserve angles.

This property is linked to applications e.g. solid mechanics
including cell membranes, relativity and string theory, and
geometric analysis — | Willmore conjecture | concerns absolute
minimisers.
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The Willmore equation

So the Euler-Lagrange equation (wrt variation of embedding) for
the Willmore energy is important:

AsH 4 2H(H? — K) = 0; K = Gauss curvature.

‘ B = Willmore Invariant ‘

The WI is an extremely interesting invariant for embeddings
into Euclidean space 3,

L Y2 5 3,

It is conformally invariant and has linear leading term Ay H. A
rare quality! One can show that it is a fundamental conformal
curvature quantity.

Question: What is the meaning of the Willmore invariant? Are
there analogues in higher dimensions? This turns out to be linked
to the problem of | finding all conformal hypersurface invariants!
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Yamabe and its singular variant

(M, g) a (n+ 1)-dimensional Riemannian manifold (M, g).
Problem (Y): 3 a smooth real-valued positive function u on M

satisfying g := u~2g has scalar curvature Sc8 = —n(n + 1)n?
Set u = p‘z/(”_l) then problem governed by the Yamabe
equation:

—4- n . A+Sc}p+ n(n+1)npri=0 n=1,0-1. (1)

— solved by Yamabe, Trudinger, Aubin, Schoen (1960-1984).
Problem (sY): 3 a smooth real-valued positive function u on M

satisfying g := u~2g has scalar curvature Sc8 = —n(n + 1)n?
[Set u = p=2/("=1) then] problem governed by
Sc
s ::d2——(A f>:. 2
() =l —Zu (B4 3 Yu=0 @)

Q: Solutions where u changes sign? If so nature of Z(u)?

NB: 3 example solutions — e.g. on sphere .
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Conformal-to-(almost)-Einstein equation

The metric g := u—2g is Einstein i.e. Ric® = \g iff there is u > 0
s.t.

trace-free(V,Vpu + Papu) = 0. (AE) — almost Einstein eqn

where Ric = (n—1)P + gJ, J := traceé(P). We drop u > 0 and
study. Best to replace u by conformal density of weight 1

o € T(E[1]), where £[2n + 2] = (A" (TM))?. Then (AE) is
conformally invariant. AE is overdetermined so study by
prolongation. It is equivalent to the closed first order system:

Vao — =0
Vatip + Papo + P8ap =0
Vap — Papp? =0

g is the conformal metric, ®"+1g : (A"*1(TM))? — £[2n +2].
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The tractor connection and D-operator

The above system can be collected into a linear connection — in
fact the conformally invariant tractor bundle 7 and connection
V7. Given g € c this is given by

TEelo M@ &E[-1], &[] := (AN TM)Zem

VZ(O—7 ,u’bap) = (VBU — Ha, Vﬂb + PabO' + 8abPs Vap - Pabub)a

and V7 preserves a conformally invariant tractor metric h

T 3V = (0, pp,p) — 20p+ ppp® = h(V, V).

There is also a 2" order conformally invariant Thomas operator:
_ (n+2w —1)wf
F(Ew]) € f s Daf £ | (n+2w —1)V.f
—(Af + wlf)

where J is trace8(P,p), so a number times Sc(g).

Rod Gover. background: G-. and Andrew Waldron: Conforma  Higher Willmore energies, Q-curv. and global problems



The scale tractor

If I £ (0, pa, p) is a parallel tractor then p, = V,0, and
(Ao + Jo). This gives the first statement of:

_ 1
P = n+1

Proposition

I parallel implies 15 = ﬁDAO'. So | # 0 = o is nonvanishing on
an open dense set M,_zo. On My, § = o~ 2g is Einstein.
Conversely if g = o—2g is Einstein then | := ﬁDa is parallel.

Drop parallel and study the scale tractor | := Do := %HDU:
2
1?2 =121, £ g°5(V.0) (Vo) — = co(J+ D)o (3)
n
(cf. (2)) where g is any metric from c and V its Levi-Civita
connection. This is well-defined everywhere [on (M, c,o)], while
where ¢ is non-zero, it computes
2 Scé
I?=— JB=———— where g=0 g
po] 1) where g=o0"°g

.. I? gives a generalisation of the scalar curvature (Xn(%l))
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Non-zero generalised scalar curvature /2
The singular Yamabe equation is the equation .

Proposition (G. JGP 2010 )

Let (M,c, 1) be Riemannian of signature with I? positive. Then
Z(o), if not empty, is a smooth embedded separating hypersurface
and the manifold M stratifies into M = M_ U My U M, according
to the strict sign of o. The components M\ M~ are conformal
compactifications of M.

From 12 £ g2(V ,0) (Vo) — %U(J + A)o: Along Z(o) we have

1?2 = g (V,0)(Vpo) (>0 by assumption).

in particular Vo is nowhere zero on Z(0), and so o is a defining
density. Thus Z(o) (if # 0) is a smoothly embedded hypersurface
by the implicit function theorem.

]
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Thus if 12 > 0 we have:

oc<0 oc>0

With g+ = 072g on M. Since o is a defining density for My this
exactly means that M\ M+ conformally compactifies (M., g4 ).
Then My has a conformal structure co from glg27p,-

In particular this applies to a singular Yamabe solution /% = 1.
But then we'll see there are additional conditions on the (Mp, c,)
embedding (and (M., g1 ) are asymptotically hyperbolic.)
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Conformal compactification and Loewner-Nirenberg

A conformal compactification of a complete Riemannian
manifold (M"*1, g, ) is a manifold M with boundary OM s.t.:
e 3 gon M, with g, = u?g, where

e u a defining f'n for OM: OM = Z(u) & dup # 0 Vp € OM.

M o Aﬂ
M=t Pl o ggench
= canonically a conformal structure on boundary (OM, [glam])-

Our question/variant: Given g (or really ¢ = [g]) can we find a
defining function u € C>°(M) for £ = OM s.t.

Sc(u™2g) = —n(n+1)? NB: This satisfied for H"** Ball

Answer - Yes: Loewner-Nirenberg, Aviles and McOwen, ACF..Smoothly?
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The obstruction density of ACF

Can we solve Sc(u™2g) = —n(n + 1)? formally (i.e. power series)
along the boundary? Answer: No - in general can get:

Theorem (Andersson, Chrusciel, & Friedrich)

Jue C®(M) st. Sc(u2g)=—n(n+1)+ u"1B,.
and Bp|aom is the obstrn to smooth soln of L-N. problem. Further

Balom =99 - L + lower order
is a conformal invariant of ¥2 = OM.

In fact B, = Willmore Invariant!

Theorem.[G. + Waldron 2013] For n > 2 s.t.:
e/3, is a conformal invariant of X = OM.

o3, generalises By = B.

Idea. Use:

Sc(gr) = —n(n+1) = 1?:=h(l,1)=1
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The conformal Eikonal equation

Problem: For a conformal manifold (M, c) and an embedding
t: X — M solve

= 1
A AN _ ‘ o
Al = (Dac)(D%0) = 1 + O(c?), D= o
for £ as high as possible, and o a ¥ defining density.
Key point:

Proposition (G.4+Waldron 2014)

X:i=0,y:=— IADA generate an sl(2)! More generally:

[I-D,o] = I>(n+1+2w) w = weight operator

From standard s[(2) identities we have
[I-D,oc") = PPok(k 4+ 1)(n+ k + 1+ 2w),

and this allows an inductive solution (using also other tractor
identities).
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Lemma
Suppose that o € ['(£[1]) defines ¥ in (M, c) and

12=1+0"Ac where A, e T(E[—K])

is smooth on M, and k > 1, then

o ifk #(n+1) then 3 f € T(E[—K]) s.t. o' := 0 + oKT1f,
satisfies 12, = 1 + o*T1Ax 1, where Axy1 smooth;

o if k = (n+1) then: 2 = [2+ O(c""2).

Proof.
Squaring with the tractor metric, using the sl(2), etc

(Do')? = (Do + D(c*1£,))?
2 -
_ 2 . k+1 k41 £ 1)2
=12+ P lo - D(c" ) + (D(c" T fx))
k

20
n+1

=1+ kA + (k+1)(n+1— k)i + O(c* ).
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The distinguished defining density and obstruction density

Theorem (G.-, Waldron arXiv:1506.02723)

For ¥ embedded in (M"*1,c) there is a distinguished defining
density &, unique modulo +0(c"*2), s.t.

I2=1+5""85;.
Moreover:

B = Ba‘): € F(é’z[—n = 1])
is determined by (M, c,X) and is a natural conformal invariant.
For n even B = 0 generalises the Willmore equation in that:
B = A2 H + lower order terms,

while for n odd B has no linear leading term.

Corollary (ACF + above implies)

On a closed (M, g) if there is a sign changing smooth solution of

sing. Yamabe: |du|? — nilu (A + %)u =1thenX = Z(u)is a

higher Willmore hypersurface — i.e. it satisfies B = 0.
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B is variational

For suitable regularisations M, of conformally compact manifolds
M:

VOIEZ/ \/gi-yzg—k----i-%%—flloge—i— Vien + O(€).
M.

Theorem (Graham 2016: PAMS 2017, arXiv:1606.00069)

If g = 572g, where & an approximate solution of the sing.
Yamabe problem then A a conformal invariant of * — M and

SA  (n+1)(n—1)

D 2 E

So the anomaly term in the renormalised volume expansion
provides an energy with functional gradient the obstruction
density, in other words an energy generalising the Willmore energy.
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Extrinsic @-curvature and the anomaly

In fact — also in analogy with the treatment of Poincaré-Einstein
manifolds — there is nice local quantity giving the anomaly:

Theorem (G.- Waldron, CMP 2017, arXiv:1603.07367)

1
A= n!(n—l)!/zQ

where, with T € TE,[1] a scale giving the boundary metric,
Q:=(—/-D)"logT.

e @ here is an extrinsically coupled Q-curvature meaning e.g.
Q% = e "(Q# + P,f) where gy = e* gy
and for n even
P, = Aé + lower order terms; P, FSA, and P,1 =0,

is an extrinsically coupled GJMS type operator. @ and P, are
from G.-, Waldron arXiv:1104.2991 = Indiana U.M.J. 2014.
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Idea of proof

Use a Heaviside function # to “cut off” an integral over all M
dvé o
VOIE = AJOM-H(T — 6).

Then the divergent terms and anomaly are given by

d"k d
Vi ~ <e”+1Vole> | —o>

den—k de

So i
vkw/ 57,((0) and .Aw/é"_l(a)l-DIogT
M

Mo T
Then via identities, and the s/(2) again

vkw/(I-D)”kl and AN/(/-D)”IogT
p >

Tk
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Solutions to (sY) on the sphere

Conformal compactification of H"™! by symmetry breaking:

=0 51 sn — aHnJrl

e Affine parallel transport on R"+3 gives the conformal tractor
connection on (S"*1 c). Thus spacelike / in R"*21 (with /2 = 1)
gives parallel tractor I and hence a solution of singular Yamabe

17 =1s.t. Z(c) # 0. In this case ¥ := Z(0o) is totally umbilic
(and higher Willmore). There are solutions on other closed mflds:
G+Leitner: Commun. Contemp. Math. 12 (2010)
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Above suggests: An “Obata type” question/conjecture

The Obata Theorem states (more than):

Theorem (Obata )

If g is a metric on the round sphere S" that is conformal to the
standard metric g and has constant scalar curvature, then g is
Einstein.

NB: The metric here takes the form g = 0~2g where ¢ is a
smooth nowhere vanishing function, and the condition that it
has constant scalar curvature is that the scale tractor satisfies

I2 = constant (where recall | = Do). Thus related to the Obata
Theorem there is a very nice more general question:

Let (5", g) be the usual round sphere. Let o € C*>°(S"), possibly
with Z(o) non-empty, such that [?> = constant. Then is g = 0~ 2g
necessarily Einstein on S" \ Z(0)?
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The Willmore link

Above question is especially interesting if /> = const. > 0. Then as
a special case of the earlier general result (Corollary):

Let (S", g) be the usual round sphere. Let o € C>°(S"), with
Z(o) non-empty, such that I> = const. > 0. Then Z(o) is a
(higher) Willmore hypersurface.

Above we saw that 3 solutions to /2 = const. # 0 with Z(o)
totally umbilic. If g = 0=2g is Einstein then Z(o) umbilic is
forced. Hence weaker question:

Let (S", g) be the usual round sphere. Let o € C*°(S"), possibly
with Z(o) non-empty, such that I> = constant > 0. Then is Z(o)
necessarily totally umbilic?
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THANK YOU FOR
LISTENING

Rod Gover. backgroun d Andrew Waldron: Conforma  Higher Willmore energies, Q-curv. and global problems



Abstract

Higher Willmore energies, Q-curvatures, and related global
geometry problems.

The Willmore energy and its functional gradient (under variations
of embedding) have recently been the subject of recent interest in
both geometric analysis and physics, in part because of their link
to conformal geometry. Considering a singular Yamabe problem on
manifolds with boundary shows that these these surface invariants
are the lowest dimensional examples in a family of conformal
invariants for hypersurfaces in any dimension. The same
construction and variational considerations shows that (on even
dimensional hypersurfaces) the higher Willmore energy and its
functional gradient are analogues of the integral of the celebrated
Q-curvature conformal invariant and its function gradient (now
with respect to metric variations) which is known as the
Fefferman-Graham obstruction tensor (or the Bach tensor in
dimension 4). In fact the link is deeper than this in that the
Willmore energy we consider is an integral of an invariant that
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